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On Zeta Funtions and Families of Siegel Modular Forms
Alexei PANCHISHKIN
Abstrat
Let p be a prime, and let Γ = Spg(Z) be the Siegel modular group of genus g. We study
p-adi families of zeta funtions and Siegel modular forms.
L-funtions of Siegel modular forms are desribed in terms of motivi L-funtions attahed
to Spg, and their analyti properties are given. Critial values for the spinor L-funtions and
p-adi onstrutions are disussed. Rankin's lemma of higher genus is established. A general
onjeture on a lifting from GSp 2m ×GSp 2m to GSp 4m (of genus g = 4m) is formulated.
Construtions of p-adi families of Siegel modular forms are given using Ikeda-Miyawaki
onstrutions.
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1 Introdution
The present artial is based on some reent talks of the author, espeially the talk in Mosow Uni-
versity on February 2, 2007, for the International onferene "Diophantine and Analytial Problems
in Number Theory" for 100th birthday of A.O. Gelfond.
Let Γ = Spg(Z) ⊂ SL2g(Z) be the Siegel modular group of genus g. Let p be a prime, T(p) =
T(1, · · · , 1︸ ︷︷ ︸
g
, p, · · · , p︸ ︷︷ ︸
g
) the Heke p-operator, and [p]g = pI2g = T(p, · · · , p︸ ︷︷ ︸
2g
) the salar Heke operator
for Spg.
We disuss the following topis:
1) L-funtions of Siegel modular forms
1
2) Motivi L-funtions for Spg, and their analyti properties
3) Critial values and p-adi onstrutions for the spinor L-funtions
4) Rankin's Lemma of higher genus
5) A lifting from GSp 2m ×GSp 2m to GSp 4m (of genus g = 4m)
6) Construtions of p-adi families of Siegel modular forms
7) Ikeda-Miyawaki onstrutions and their p-adi versions
2 L-funtions of Siegel modular forms
The Fourier expansion of a Siegel modular form.
Let f =
∑
T∈Bn
a(T)qT ∈ Mnk be a Siegel modular form of weight k and of genus n on the Siegel
upper-half plane Hn = {z ∈Mn(C) | Im(z) > 0}.
Real some basi fats about the formal Fourier expansion of f , whih uses the symbol
qT = exp(2πi tr(Tz)) =
n∏
i=1
qTiiii
∏
i<j
q
2Tij
ij
∈ C[[q11, . . . , qnn]][qij , q−1ij ]i,j=1,··· ,m, where qij = exp(2π(
√−1zi,j)), and T is in the semi-group
Bn = {T = tT ≥ 0|T half-integral}.
Heke operators and the spherial map
Reall that the loal Heke algebra over Z, denoted by Ln,Z = Z[T(p),T1(p
2), . . . ,Tn(p
2)], is
generated by the following n+ 1 Heke operators
T(p) := T (1, . . . , 1︸ ︷︷ ︸
n
, p, . . . , p︸ ︷︷ ︸
n
) ,
Ti(p
2) := T (1, . . . , 1︸ ︷︷ ︸
n−i
, p, . . . , p︸ ︷︷ ︸
i
, p2, . . . , p2︸ ︷︷ ︸
n−i
, p, . . . , p︸ ︷︷ ︸
i
) , i = 1, . . . , n
Tn(p
2) = [p] = [p]n = T (p, . . . , p︸ ︷︷ ︸
2n
) = pI2n and the spherial map Ω : Ln,Q = Q[T(p),T1(p
2), . . . ,Tn(p
2)]→
Q[x0, x1, . . . , xn] is an a ertain injetive ring morphism.
Satake parameters of an eigenfuntion of Heke operators
Suppose that f ∈Mnk an eigenfuntion of all Heke operators f 7−→ f |T , T ∈ Ln,p for all primes p,
hene f |T = λf (T )f .
Then all the numbers λf (T ) ∈ C dene a homomorphism λf : Ln,p −→ C given by a (n + 1)-
tuple of omplex numbers (α0, α1, · · · , αn) = (C×)n+1 (the Satake parameters of f), in suh a way
that
λf (T ) = Ω(T )(α0, α1, · · · , αn).
2
In partiular, one has
λf ([p]) = α
2
0α1 · · ·αn = pkn−n(n+1)/2
λf (T(p)) = Ω(T(p)) = α0(1 + α1) · · · (1 + αn) =
n∑
j=0
α0sj(α1, α2, . . . , αn) .
L-funtions, funtional equation and motives for Spn (see [Pa94℄, [Yosh01℄)
One denes
• Qf,p(X) = (1− α0X)
n∏
r=1
∏
1≤i1<···<ir≤n
(1 − α0αi1 · · ·αirX),
• Rf,p(X) = (1 −X)
n∏
i=1
(1− α−1i X)(1− αiX) ∈ Q[α±10 , · · · , α±1n ][X ].
Then the spinor L-funtion L(Sp(f), s) and the standard L-funtion L(St(f), s, χ) of f (for
s ∈ C, and for all Dirihlet haraters) χ are dened as the Euler produts
• L(Sp(f), s, χ) =
∏
p
Qf,p(χ(p)p
−s)−1
• L(St(f), s, χ) =
∏
p
Rf,p(χ(p)p
−s)−1
3 Motivi L-funtions for Spn, and their analyti properties
Relations with L-funtions and motives for Spn
Following [Pa94℄ and [Yosh01℄, these funtions are onjetured to be motivi for all k > n:
L(Sp(f), s, χ) = L(M(Sp(f))(χ), s), L(St(f), s) = L(M(St(f))(χ), s), where
and the motives M(Sp(f)) and M(St(f)) are pure if f is a genuine usp form (not oming from a
lifting of a smaller genus):
• M(Sp(f)) is a motive over Q with oeients in Q(λf (n))n∈N of rank 2n, of weight w =
kn− n(n+ 1)/2, and of Hodge type ⊕p,qHp,q, with
p = (k − i1) + (k − i2) + · · ·+ (k − ir), (3.1)
q = (k − j1) + (k − j2) + · · ·+ (k − is), where r + s = n,
1 ≤ i1 < i2 < · · · < ir ≤ n, 1 ≤ j1 < j2 < · · · < js ≤ n,
{i1, · · · , ir} ∪ {j1, · · · , is} = {1, 2, · · · , n};
• M(St(f)) is a motive over Q with oeients in Q(λf (n))n∈N of rank 2n+1, of weight w = 0,
and of Hodge type H0,0 ⊕ni=1 (H−k+i,k−i ⊕Hk−i,−k+i).
3
A funtional equation
Following general Deligne's onjeture [De79℄ on the motivi L-funtions, the L-funtion satisfy a
funtional equation determined by the Hodge struture of a motive:
Λ(Sp(f), kn− n(n+ 1)/2 + 1− s) = ε(f)Λ(Sp(f), s), where
Λ(Sp(f), s) = Γn,k(s)L(Sp(f), s), ε(f) = (−1)k2n−2 ,
Γ1,k(s) = ΓC(s) = 2(2π)
−sΓ(s), Γ2,k(s) = ΓC(s)ΓC(s− k + 2), and
Γn,k(s) =
∏
p<q ΓC(s−p)Γa+R (s− (w/2))ΓR(s+1− (w/2))a− for some non-negative integers a+ and
a−, with a+ + a− = w/2, and ΓR(s) = π
−s/2Γ(s/2).
In partiular, for n = 3 and k ≥ 5, this onjetural funtional equation has the form Λ(Sp(f), s) =
Λ(Sp(f), 3k − 5− s), where
Λ(Sp(f), s) = ΓC(s)ΓC(s− k + 3)ΓC(s− k + 2)ΓC(s− k + 1)L(Sp(f), s).
For k ≥ 5 the ritial values in the sense of Deligne [De79℄ are :
s = k, · · · , 2k − 5.
A study of the analyti properties of L(Sp(f), s)
(ompare with [Vo℄).
One ould try to use a link between the eigenvalues λf (T ) and the Fourier oeients af (T),
where T ∈ D(Γ, S) runs through the Heke operators, and T ∈ Bn runs over half-integral symmetri
matries. It was found by A.N.Andrianov (see [An67℄) that
D(X) =
∞∑
δ=0
T(pδ)Xδ =
E(X)
F (X)
,
where
E(X)
= 1− p2 (T2(p2) + (p2 − p+ 1)(p2 + p+ 1)[p]3)X2 + (p+ 1)p4T(p)[p]3X3
− p7[p]3
(
T2(p
2) + (p2 − p+ 1)(p2 + p+ 1)[p]3
)
X4 + p15[p]33X
6 ∈ LZ[X ].
Computing a formal Dirihlet series
Knowing E(X), one omputes the following formal Dirihlet series
DE(s) =
∞∑
h=1
TE(h)h
−s =
∏
p
DE,p(p
−s), where
DE,p(X) =
∞∑
δ=0
TE(p
δ)Xδ =
Dp(X)
E(X)
=
1
F (X)
∈ D(Γ, S)[[X ]].
4
Main identity
For all T one obtains the following identity
af (T)L(Sp(f), s) =
∞∑
h=1
af (T, E, h)h
−s, where
f |TE(h) =
∑
T∈Bn
af (T, E, h)q
T .
Indeed, one has
f |TE(h) = λf (TE(h))f, and L(Sp(f), s) =
∞∑
h=1
λf (TE(h))h
−s, hene
∞∑
h=1
f |TE(h)h−s = L(Sp(f), s) · f =
∞∑
h=1
∑
T∈Bn
af (T, E, h)h
−sqT ,
and it sues to ompare the Fourier oeients. Suh an identity is an unavoidable step in the
problem of analyti ontinuation of L(Sp(f), s) and in the study of its arithmetial impliations:
one obtains a mean of omputing speial values out of Fourier oeients.
For the standard L-funtion L(St(f), s), (see [Pa94℄, [CourPa℄, and [Boe-Shm℄).
4 Critial values, periods and p-adi L-funtions for Sp3
Critial values, periods and p-adi L-funtions for Sp3
A general onjeture by Coates, Perrin-Riou (see [Co-PeRi℄, [Co℄, [Pa94℄), predits that for n = 3
and k > 5, the motivi funtion L(Sp(f), s), admits a p-adi analogue. Let us x an embedding
ip : Q→ Cp = Q̂p, and let α0(p) be an inverse root of Qf,p with the smallest p-valuation.
• The Panhishkin ondition (see [Ha-Li-Sk℄, [Pa94℄, [PaAnnIF94℄) for the existene of bounded
p-adi L-funtions in this ase takes the form ordp(α0(p)) = 0 (α0(p) is an inverse root with
the smallest p-valuation). Reall that this ondition says:
for a pure motive M of rank d,
Newton p-polygone at (d/2)=Hodge polygone at (d/2)
• Otherwise, one obtains p-adi L-funtions of logarithmi growth o(logh(·)) with h = [2ordp(α0(p))]+
1, 2ordp(α0(p)) = the dierene
Newton p-Polygone at (d/2)Hodge Polygone at (d/2)
For the unitary groups, this ondition for the existene of p-adi L-funtions was disussed in
[Ha-Li-Sk℄.
5 Rankin's Lemma of higher genus
Our next purpose is to evaluate the generating series
D(1,1)p (X) =
∞∑
δ=0
T (pδ)⊗ T (pδ)Xδ ∈ L2,Z ⊗ L2,Z[[X ]].
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in terms of Heke algebra generators L2,Z ⊗ L2,Z:
T(p)⊗ 1, T1(p2)⊗ 1, [p]⊗ 1,
1⊗T(p), 1⊗T1(p2), 1⊗ [p].
Theorem 5.1 ([PaVaRnk℄) For genus n = 2, we have the following expliit repre-
sentation
D(1,1)p (X) =
∞∑
δ=0
T (pδ)⊗ T (pδ)Xδ = (1− p6[p]⊗ [p]X2)R(X)
S(X)
, where
R(X) = 1 + r1X + . . .+ r12X
12, with r1 = r11 = 0,
S(X) = 1 + s1X + . . .+ s16X
16,
R(X), S(X) ∈ L2,Z ⊗ L2,Z[X ],
where ri and si are given in the Appendix of [PaVaRnk℄
Here we give the Newton polygons of R(X) and S(X) with respet to powers of p and X (see
Figure 1). It follows from our omutation that all slopes are integral. We hope that these polygons
Figure 1: Newton polygons of R(X) and S(X) with respet to powers of p and X , of heights 34
and 48, resp.
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ould help to nd some geometri objets attahed to the polynomials R(X) and S(X), in the spirit
of a reent work of C.Faber and G.Van Der Geer, [FVdG℄.
A half of oeients: s9, . . . , s16 an be found using this simple funtional equation :
s16−i = (p
6T2(p
2)⊗T2(p2))8−isi (i = 0, · · · , 8).
6
Proof: Reall that
∞∑
δ=0
Ω(n=2)(T (pδ))Xδ =
1− x
2
0x1x2
p
X2
(1 − x0X) (1− x0x1X)(1− x0x2X) (1− x0x1x2X)
From this series it is possible to obtain a formula for Ω(T (pδ)) onsidering four geometri progres-
sions
∞∑
ν1=0
(x0X)
ν1 =
1
1− x0X ,
∞∑
ν2=0
(x0x1X)
ν2 =
1
1− x0x1X
∞∑
ν3=0
(x0x2X)
ν3 =
1
1− x0x2X ,
∞∑
ν4=0
(x0x1x2X)
ν4 =
1
1− x0x1x2X
Ωx(T (p
δ)) = p−1xδ0(px
(3+δ)
1 x2 − px1x(3+δ)2 − px(2+δ)1 + px(2+δ)2 − px(3+δ)1 x(2+δ)2
+ px
(2+δ)
1 x
(3+δ)
2 + px1 − px2 − x(2+δ)1 x22 + x(1+δ)1 x2 + x(2+δ)1 x(1+δ)2 − x(1+δ)1 x(2+δ)2
+ x21x
(2+δ)
2 − x1x(1+δ)2 − x21x2 + x1x22)/((1 − x1)(1 − x2)(1− x1x2)(x1 − x2))
=− p−1xδ0((1− x1x2)(px1 − x2)x(δ+1)1 + (1− x1x2)(x1 − px2)x(δ+1)2
− (1− px1x2)(x1 − x2)(x1x2)(δ+1) − (p− x1x2)(x1 − x2))/
((1− x1)(1 − x2)(1 − x1x2)(x1 − x2)).
Tensor produt of loal Heke algebras
We use a seond group of variables y0, y1, y2 and Ωy in order to obtain a tensor produt of loal
Heke algebras
Ω(n)x ⊗ Ω(n)y : Ln,Q ⊗ Ln,Q → Q[x0, x1, . . . , xn; y0, y1, . . . , yn], et
Ω(2)y (T (p
δ)) := Ω(2)x (T (p
δ))|x=y
The produt of two polynomials Ω
(2)
x (T (pδ)) and Ω
(2)
y (T (pδ)) is omputed straightforward :
Ω(2)x (T (p
δ)) · Ω(2)y (T (pδ)) = p−2xδ0yδ0(px(3+δ)1 x2 − px(2+δ)1 − px(3+δ)1 x(2+δ)2
+ px
(2+δ)
1 x
(3+δ)
2 − px1x(3+δ)2 + px(2+δ)2 + px1 − px2 − x(2+δ)1 x22 + x(1+δ)1 x2
+ x
(2+δ)
1 x
(1+δ)
2 − x(1+δ)1 x(2+δ)2 + x21x(2+δ)2 − x1x(1+δ)2 − x21x2 + x1x22)
× (py(3+δ)1 y2 − py(2+δ)1 − py(3+δ)1 y(2+δ)2 + py(2+δ)1 y(3+δ)2 − py1y(3+δ)2
+ py
(2+δ)
2 + py1 − py2 − y(2+δ)1 y22 + y(1+δ)1 y2 + y(2+δ)1 y(1+δ)2
− y(1+δ)1 y(2+δ)2 + y21y(2+δ)2 − y1y(1+δ)2 − y21y2 + y1y22)/
((1− x1)(1 − x2)(1 − x1x2)(x1 − x2)(1− y1)(1 − y2)(1− y1y2)(y1 − y2))
7
Summation of obtained expression give the following result :
(Ω(2) ⊗ Ω(2))(D
(1,1)
p (X)) =
∞X
δ=0
Ω
(2)
x (T (p
δ)) · Ω
(2)
y (T (p
δ))Xδ =
−
(p x1 − x2) (1 − p y1 y2) x1 y1 y2
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x1 y0 y1 y2X)
+
x2 y1 (x1 − p x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x2 y0 y1X)
+
x2 y2 (x1 − p x2)(y1 − p y2)
p2 (1− x1) (1 − x2) (x1 − x1) (1− y1) (1 − y2) (y1 − y2) (1− x0 y0 x2 y2X)
−
x2 y1 y2 (x1 − p x2) (1− p y1 y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x2 y0 y1 y2X)
−
x1 (p x1 − x2) (p − y1 y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x1 y0X)
−
x1 x2 y1(1− p x1 x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 x2 y0 y1X)
−
x1 x2 y2 (1− p x1 x2) (y1 − p y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 x2 y0 y2X)
+
y1 y2 (p− x1 x2) (1− p y1 y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 y0 y1 y2X)
+
x1 x2 (1 − p x1 x2) (p − y1 y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x1 x2 y0X)
−
x1 y1 (p x1 − x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 y0 y1X)
+
x1 y2 (p x1 − x2) (y1 − p y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 y0 y2X)
−
x2 (x1 − p x2) (p − y1 y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x2 y0X)
+
x1 x2 y1 y2 (1− p x1 x2) (1− p y1 y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x1 x2 y0 y1 y2X)
+
(p − x1 x2) (p − y1 y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 y0X)
−
y1 (p− x1 x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 y0 y1X)
−
y2 (p− x1 x2) (y1 − p y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 y0 y2X)
.
Properties of the image (Ω(2) ⊗ Ω(2))(D(1,1)p (X))
We heked by an expliit omputation that the polynomials, whih do not depend of X in
the denominator of the image (Ω(2) ⊗ Ω(2))(D(1,1)p (X)), disappear after simpliation in the ring
Q[x0, x1, x2, y0, y1, y2][[X ]], and the ommon denominator beomes :
(1− x0 y0X) (1− x0 y0 x1X) (1− x0 y0 y1X) (1− x0 y0 x2X) (1− x0 y0 y2X)
(1− x0 y0 x1 y1X) (1− x0 y0 x1 x2X) (1− x0 y0 x1 y2X) (1− x0 y0 y1 x2X)
(1− x0 y0 y1 y2X) (1− x0 y0 x2 y2X) (1− x0 y0 x1 y1 x2X) (1− x0 y0 x1 y1 y2X)
(1− x0 y0 x1 x2 y2X) (1− x0 y0 y1 x2 y2X) (1− x0 y0 x1 y1 x2 y2X).
8
Moreover, we found that the numerator onsists of the fator (1 − x20y20x1y1x2y2X2) and a poly-
nomial in X of degree 12 with oeients in Q[x0, x1, x2, y0, y1, y2] (the onstant term is equal to 1
and the main term is p−2x120 y
12
0 x
6
1x
6
2y
6
1y
6
2X
12
). We also found that the fator of degree 12 does not
ontain terms of degree 1 and 11 in X .
It follows that (Ω(2) ⊗ Ω(2))(D(1,1)p (X)) = (1− x
2
0y
2
0x1y1x2y2X
2)Rx,y(X)
Sx,y(X)
, where Rx,y(X) =
1 + r2,x,yX
2 + · · · + r10,x,yX10 + r12,x,yX12 and Sx,y(X) = 1 + s1,x,yX + · · · + s16,x,yX16 ∈
Q[x0, x1, x2, y0, y1, y2, X ].
Expression through the Heke operators
Knowing the oeients of Rx,y(X), Sx,y(X) ∈ Q[x0, x1, x2, y0, y1, y2, X ] (the images under Ωx⊗Ωy)
one an reonstrut R(X) = 1+r2X
2+ · · ·+r10X10+r12X12 and S(X) = 1+s1X+ · · ·+s16X16 ∈
L2,Z ⊗ L2,Z[X ].
Using the images of the generators
Ωx(T(p)
λ0T1(p
2)
λ1
[p]
λ2)Ωy(T(p)
µ0T1(p
2)
µ1
[p]
µ2),
we build and solve a linear system of undetermined oeients Kλ0,λ1,λ2,µ0,µ1,µ2 expressing all
monomials Ωx(T(p)
λ0T1(p
2)
λ1 [p]
λ2)Ωy(T(p)
µ0T1(p
2)
µ1 [p]
µ2), up to degree 12 for Rx,y(X) (6 16
for Sx,y(X)) in x0 and in y0. 
Comparison with the ase of genus n = 1
The fator (1− x 20 y20 x1y1x2y2X2) of degree 2 in X is very similar to the one in ase of g = 1 :
∞∑
δ=0
Ω(1)x (T (p
δ)) · Ω(1)y (T (pδ))Xδ =
∞∑
δ=0
x
δ
0 (1− x (1+δ)1 )
1− x1 ·
y
δ
0 (1 − y(1+δ)1 )
1− y1 X
δ
=
1
(1− x1) (1− y1) (1− x0 y0X) −
y1
(1− x1) (1− y1) (1− x0 y0 y1X)
− x1
(1 − x1) (1 − y1) (1 − x0 y0 x1X) +
x1 y1
(1 − x1) (1 − y1) (1 − x0 y0 x1 y1X)
=
1− x 20 y20 x1 y1X2
(1− x0 y0X)(1− x0 y0 x1X) (1− x0 y0 y1X) (1− x0 y0 x1 y1X) .
∞∑
δ=0
T (pδ)⊗ T (pδ)Xδ = (1− p2[p]⊗ [p]X2)×
× (1−T(p)⊗T(p)X + (pT(p)2 ⊗ [p] + p[p]⊗T(p)2 − 2p2[p]⊗ [p])X2
− p2T(p)[p]⊗T(p)[p]X3 + p4[p]2 ⊗ [p]2X4)−1 .
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6 A lifting from GSp 2m ×GSp 2m to GSp 4m of genus g = 4m
Motive of the Rankin produt of genus n = 2
Let f and g be two Siegel usp eigenforms of weights k and l, k > l, and letM(Sp(f)) andM(Sp(g))
be the (onjetural) spinor motives of f and g. Then M(Sp(f)) is a motive over Q with oeients
in Q(λf (n))n∈N of rank 4, of weight w = 2k−3, and of Hodge type H0,2k−3⊕Hk−2,k−1⊕Hk−1,k−2⊕
H2k−3,0, and M(Sp(g)) is a motive over Q with oeients in Q(λg(n))n∈N of rank 4, of weight
w = 2l − 3, and of Hodge type H0,2l−3 ⊕H l−2,l−1 ⊕H l−1,l−2 ⊕H2l−3,0.
For another Siegel modular form, an eigenfuntion of Heke operators g ∈ Mnl onsider the
orresponding homomorphism λg : Ln,p −→ C given by its Satake parameters (β0, β1, · · · , βn) of g,
and let λf ⊗ λg : Ln,p ⊗ Ln,p −→ C
The tensor produt M(Sp(f))⊗M(Sp(g))
is a motive over Q with oeients in Q(λf (n), λg(n))n∈N of rank 16, of weight w = 2k + 2l − 6,
and of Hodge type
H0,2k+2l−6 ⊕H l−2,2k+l−4 ⊕H l−1,2k+l−5 ⊕H2l−3,2k−3
Hk−2,k+2l−4 ⊕Hk+l−4,k+l−2 ⊕Hk+l−3,k+l−3+ ⊕Hk+2l−5,k−1
Hk−1,k+2l−5 ⊕Hk+l−3,k+l−3− ⊕Hk+l−2,k+l−4 ⊕Hk+2l−4,k−2
H2k−3,2l−3 ⊕H2k+l−5,l−1 ⊕H2k+l−4,l−2 ⊕H2k+2l−6,0.
Motivi L-funtions: analyti properties
Following Deligne's onjeture [De79℄ on motivi L-funtions, applied for a Siegel usp eigenform
F for the Siegel modular group Sp4(Z) of genus n = 4 and of weight k > 5, one has Λ(Sp(F ), s) =
Λ(Sp(F ), 4k − 9− s), where
Λ(Sp(F ), s) = ΓC(s)ΓC(s− k + 4)ΓC(s− k + 3)ΓC(s− k + 2)ΓC(s− k + 1)
× ΓC(s− 2k + 7)ΓC(s− 2k + 6)ΓC(s− 2k + 5)L(Sp(F ), s),
(ompare this funtional equation with that given in [An74℄, p.115).
On the other hand, for m = 2 and for two usp eigenforms f and g for Sp2(Z) of weights k, l,
k > l + 1, Λ(Sp(f)⊗ Sp(g), s) = ε(f, g)Λ(Sp(f)⊗ Sp(g), 2k + 2l− 5− s), |ε(f, g)| = 1, where
Λ(Sp(f)⊗ Sp(g), s) = ΓC(s)ΓC(s− l + 2)ΓC(s− l + 1)ΓC(s− k + 2)
× ΓC(s− k + 1)ΓC(s− 2l+ 3)ΓC(s− k − l + 2)ΓC(s− k − l + 3)
× L(Sp(f)⊗ Sp(g), s).
We used here the Gauss dupliation formula ΓC(s) = ΓR(s)ΓR(s+ 1). Notie that a+ = a− = 1 in
this ase, and the onjetural motive M(Sp(f))⊗M(Sp(g)) does not admit ritial values.
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A holomorphi lifting from GSp2m ×GSp2m to GSp4m: a onjeture
Conjeture 6.1 (on a lifting from GSp 2m ×GSp 2m to GSp 4m) Let f and g be two Siegel mod-
ular forms of genus 2m and of weights k > 2m and l = k − 2m. Then there exists a Siegel mod-
ular form F of genus 4m and of weight k with the Satake parameters γ0 = α0β0, γ1 = α1, γ2 =
α2, · · · , γ2m = α2m, γ2m+1 = β1, · · · , γ4m = β2m for suitable hoies α0, α1, · · · , α2m and β0, β1, · · · , β2m
of Satake's parameters of f and g.
One readily heks that the Hodge types of M(Sp(f))⊗M(Sp(g)) and M(Sp(F )) are the same
(of rank 24m) (it follows from the above desription (3.1), and from Künneth's-type formulas).
An evidene for this version of the onjeture omes from Ikeda-Miyawaki onstrutions ([Ike01℄,
[Ike06℄, [Mur02℄): let k be an even positive integer, h ∈ S2k(Γ1) a normalized Heke eigenform of
weight 2k, F2n ∈ Sk+n(Γ2n) the Ikeda lift of h of genus 2n (we assume k ≡ n mod 2, n ∈ N).
Next let f ∈ Sk+n+r(Γr) be an arbitrary Siegel usp eigenform of genus r and weight k+n+ r,
with n, r ≥ 1. If we take n = m, r = 2m, k := k +m, k + n+ r := k + 3m, then an example of the
validity of this version of the onjeture is given by
(f, g) = (f, F2m(h)) 7→ Fh,f ∈ Sk+3m(Γ4m),
(f, g) = (f, F2m) ∈ Sk+3m(Γ2m)× Sk+m(Γ2m).
Another evidene omes from Siegel-Eiseinstein series
f = E2mk and g = E
2m
k−2m
of even genus 2m and weights k and k − 2m: we have then
α0 = 1, α1 = p
k−2m, · · · , α2m = pk−1,
β0 = 1, β1 = p
k−4m, · · · , β2m = pk−2m−1,
then we have that
γ0 = 1, γ1 = p
k−4m, · · · , γ2m = pk−1,
are the Satake parameters of the Siegel-Eisenstein series F = E4mk .
Remark 6.2 If we ompare the L-funtion of the onjeture (given by the Satake parameters
γ0 = α0β0, γ1 = α1, γ2 = α2, · · · , γ2m = α2m, γ2m+1 = β1, · · · , γ4m = β2m for suitable hoies
α0, α1, · · · , α2m and β0, β1, · · · , β2m of Satake's parameters of f and g), we see that it orresponds
to the tensor produt of the spinor L-funtions, and this funtion is not of the same type as that of
the Yoshida's lifting [Yosh81℄, whih is a ertain produt of Heke's L-funtions.
We would like to mention in this ontext Langlands's funtoriality: The denominators of our L-
series belong to loal Langlands L-fators (attahed to representations of L-groups). If we onsider
the homomorphisms
LGSp2m = GSpin(4m+ 1)→ GL22m , LGSp4m = GSpin(8m+ 1)→ GL24m ,
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we see that our onjeture is ompatible with the homomorphism of L-groups
GL22m ×GL22m → GL24m , (g1, g2) 7→ g1 ⊗ g2, GLn(C) = LGLn.
However, it is unlear to us if Langlands's funtoriality predits a holomorphi Siegel modular form
as a lift.
7 Construtions of p-adi families of Siegel modular forms
Construting p-adi L-funtions and modular symbols
Together with omplex parameter s it is possible to use ertain p-adi parameters in order to
onstrut L-funtions and modular symbols. We study suh parameters as the twist with Dirihlet
harater on one hand, and the weight parameter in the theory of families of modular forms on the
other. An operation of the twist by a Dirihlet harater is a fundamental operation onerning
the formal power series, and the p-adi variation of suh harater gives an analyti family of
modular forms. One omputes the modular symbols related to an automorphi representation π of
an algebrai group G over a number eld, using the twists of automorphi L-funtions L(s, π⊗χ, r)
with Dirihlet harater χ. We represent their speial values as integrals giving both omplex-
analyti and p-adi-analyti ontinuation. We onstrut analyti families of suh L-funtions in
ases G = GL2×GL2×GL2, G = GL2×GSp2m, G = GSp2m×GSp2m using the doubling method
and its p-adi versions, whih expeted to work also for overonvergent families of automorphi
forms, and already developed in simpler situations G = GL2 by R. Coleman, G. Stevens and others.
A p-adi approah
Consider Tate's eld Cp = Q̂p for prime number p. Let us x the embedding Q
ip→֒ Cp and onsider
the algebrai numbers as numbers p-adi over ip. For a p-adi family k 7→ fk =
∑∞
n=1 an(k)q
n ∈
Q[[q]] ⊂ Cp[[q]], the Fourier oeients an(k) of fk and one of Satake p-parameters α(k) := α(1)p (k)
are given by the ertain analytial p-adi funtions k 7→ an(k) for (n, p) = 1. The arhetypal
example of p-adi family is given by the Eisenstein series.
an(k) =
∑
d|n,(d,p)=1
dk−1, fk = Ek, α
(1)
p (k) = 1, α
(2)
p (k) = p
k−1.
The existene of the p-adi family of usp forms of positive slope σ > 0 was shown by Coleman.
We dene the slope σ = ordp(α
(1)
p (k)) (and ask it to be onstant in a p-adi neighborhood of weight
k) An example for p = 7, f = ∆, k = 12, a7 = τ(7) = −7 · 2392, σ = 1 is given by R. Coleman in
[CoPB℄.
Motivation for onsidering of p-adi families
omes from the onjeture of Birh and Swinnerton-Dyer, see [Colm03℄. For a usp eigenform
f = f2, orresponding to an ellipti urve E by Wiles [Wi95℄, we onsider a family ontaining f .
One an try to approah k = 2, s = 1 from the diretion, taking k → 2, instead of s → 1, this
leads to a formula linking the derivative over s at s = 1 of the p-adi L-funtion with the derivative
over k at k = 2 of the p-adi analyti funtion αp(k), see in [CST98℄: L
′
p,f (1) = Lp(f)Lp,f (1)
12
with Lp(f) = −2dαp(k)
dk
∣∣
k=2
. The validity of this formula needs the existene of our two variable
L-funtion, onstruted in [PaTV℄.
In order to onstrut p-adi L-funtion of two variables (k, s), the theory of p-adi integration is
used. The H-admissible measures with integer H related to σ, whih appear in this onstrution,
are obtained from H-admissible measures with values in various rings of modular forms, in parti-
ular nearly holomorphi modular forms. Let us desribe a typial example related to dierential
operators.
Nearly holomorphi modular forms and the method of anonial proje-
tion
Let A be a ommutative eld. There are several p-adi approahes for studying speial values of
L-funtions using the method of anonial projetion (see [PaTV℄). In this method the speial
values and modular symbols are onsidered as A-linear forms over spaes of modular forms with
oeients in A. Nearly holomorphi ([ShiAr℄) modular forms are ertain formal series
g =
∞∑
n=0
a(n;R)qn ∈ A[[q]][R]
with the property for A = C, z = x + iy ∈ H, R = (4πy)−1, the series onverge to a C∞-modular
form over H of given weight k and Dirihlet harater ψ. The oeients a(n;R) are polynomials
in A[R] of bounded degree.
Triple produts families
give a reent example of families on the algebrai group of higher rank. This aspet was studied
by S. Boeherer and A. Panhishkin [Boe-Pa2006℄. The triple produt with Dirihlet harater χ
is dened as a omplex L-funtion (Euler produt of degree 8)
L(f1 ⊗ f2 ⊗ f3, s, χ) =
∏
p∤N
L((f1 ⊗ f2 ⊗ f3)p, χ(p)p−s),
where
L((f1 ⊗ f2 ⊗ f3)p, X)−1 = det
(
18 −X
(
α
(1)
p,1 0
0 α
(2)
p,1
)
⊗
(
α
(1)
p,2 0
0 α
(2)
p,2
)
⊗
(
α
(1)
p,3 0
0 α
(2)
p,3
))
.
We use the orresponding normalized L-funtion (see [De79℄, [Co℄, [Co-PeRi℄) :
Λ(f1 ⊗ f2 ⊗ f3, s, χ) = ΓC(s)ΓC(s− k3 + 1)ΓC(s− k2 + 1)ΓC(s− k1 + 1)L(f1 ⊗ f2 ⊗ f3, s, χ),
where ΓC(s) = 2(2π)
−sΓ(s). The Gamma-fator determines the ritial values s = k1, . . . , k2+k3−2
of Λ(s), whih we expliitly evaluate (like in the lassial formula ζ(2) = pi
2
6 ). A funtional equation
of Λ(s) has the type
s 7→ k1 + k2 + k3 − 2− s.
Let us onsider the produt of three eigenvalues: λ = λ(k1, k2, k3) = α
(1)
p,1(k1)α
(1)
p,2(k2)α
(1)
p,3(k3)
with the slope σ = vp(λ(k1, k2, k3)) = σ(k1, k2, k3) = σ1+σ2+σ3 onstant and positive for all triplets
(k1, k2, k3) in an appropriate p-adi neighbourhood of the xed triplet of weights (k1, k2, k3).
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The statement of the problem
for triple produts is the following: given three p-adi analyti families fj of slope σj ≥ 0, to
onstrut a four-variable p-adi L-funtion attahed to Garrett's triple produt of these families. We
show that this funtion interpolates the speial values (s, k1, k2, k2) 7−→ Λ(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , s, χ)
at ritial points s = k1, . . . , k2 + k3 − 2 for balaned weights k1 ≤ k2 + k3 − 2; we prove that these
values are algebrai numbers after dividing by ertain periods. However the onstrution uses
diretly modular forms, and not the L-values in question, and a omparison of speial values of two
funtions is done after the onstrution.
Main result for triple produts
1) The funtion L
f
: (s, k1, k2, k3) 7→ 〈f
0,E(−r,χ)〉
〈f0,f0〉
depends p-adi analytially on four variables
(χ · yrp, k1, k2, k3) ∈ X ×B1 ×B2 ×B3;
2) Comparison of omplex and p-adi values: for all (k1, k2, k3) in an anoid neighborhood
B = B1 ×B2 ×B3 ⊂ X3, satisfying k1 ≤ k2 + k3 − 2: the values at s = k2 + k3 − 2− r
oinide with the normalized ritial speial values
L∗(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , k2 + k3 − 2− r, χ) (r = 0, . . . , k2 + k3 − k1 − 2) ,
for Dirihlet haraters χ mod Npv, v ≥ 1.
3) Dependene on x ∈ X : let H = [2ordp(λ)] + 1. For any xed (k1, k2, k3) ∈ B and x = χ · yrp
then the following linear form (representing modular symbols for triple modular forms)
x 7−→
〈
f
0,E(−r, χ)〉〈
f
0, f0
〉
,
extends to a p-adi analyti funtion of type o(logH(·)) of the variable x ∈ X .
A general program
We plan to extend this onstrution to other sutuations as follows :
1) Constrution of modular distributions Φj with values in an innite dimensional modular tower
M(ψ).
2) Appliation of a anonial projetor of type πα onto a nite dimensional subspae M
α(ψ) of
Mα(ψ).
3) General admissibility riterium. The family of distributions πα(Φj) with value in M
α(ψ) give
a h-admissible measure Φ˜ with value in a module of nite rank.
4) Appliation of a linear form ℓ of type of a modular symbol produes distributions µj =
ℓ(πα(Φj)), and an admissible measure from ongruenes between modular forms πα(Φj).
5) One shows that ertain integrals µj(χ) of the distributions µj oinide with ertain L-values;
however, these integrals are not neessary for the onstrution of measures (already done at
stage 4).
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6) One shows a result of uniqueness for the onstruted h-admissible measures : they are deter-
mined by many of their integrals over Dirihlet haraters (not all).
7) In most ases we an prove a funtional equation for the onstruted measure µ (using the
uniqueness in 6), and using a funtional equation for the L-values (over omplex numbers,
omputed at stage 5).
This strategy is already appliable in various ases
8 Ikeda-Miyawaki onstrutions and their p-adi versions
Ikeda's lift
Ikeda generalized in 1999 (see [Ike01℄) the Saito-Kurokawa lift of modular forms from one variable
to Siegel modular forms of degree 2: under the ondition that n ≡ k(mod2) there exists a lifting
from an eigenform f ∈ S2k(Γ1) to an eigenform F ∈ Sn+k(Γ2n) suh that the standard zeta funtion
L(St(F ), s) of F (of degree 2n) is given in terms of that of f by
ζ(s)
2n∏
j=1
L(f ; s+ k + n− j).
(it was onjetured by Duke and Imamoglu in [DI98℄). Notie that the Satake parameters of F an
be hosen in the form β0, β1, . . . , β2n, where
β0 = p
nk−n(n+1)/2, βi = α˜p
i−1/2(i = 1, . . . , n), βn+i = α˜
−1pi−1/2,
and (1 − α˜pk−1/2X)(1 − α˜−1pk−1/2X) = 1 − a(p)X + p2k−1X2, see [Mur02℄, Lemma 4.1, p.65 (so
that α = α˜pk−1/2, α˜ = αp1/2−k in our previous notation).
Ikeda-Miyawaki onjeture
(it was onjetured by Miyawaki in [Mi92℄ and proved by Ikeda in [Ike06℄).
Let k be an even positive integer, f ∈ S2k(Γ1) a normalized Heke eigenform of weight 2k,
F2 ∈ Sk+1(Γ2) =Maass(f) the Maass lift of f , and in general F2n ∈ Sk+n(Γ2n) the Ikeda lift of f
(we assume k ≡ n mod 2, n ∈ N). Next let g ∈ Sk+n+r(Γr) be an arbitrary Siegel usp eigenform
of genus r and weight k + n + r, with n, r ≥ 1.Then aording to Ikeda-Miyawaki there exists a
Siegel eigenform Ff,g ∈ Sk+n+r(Γ2n+r) suh that
L(s,Ff,g, St) = L(s, g, St)
2n∏
j=1
L(s+ k + n− j, f)
(under a non-vanishing ondition).
p-adi versions of Ikeda-Miyawaki onstrutions
Now onsider a p-adi family
k 7→ fk =
∞∑
n=1
an(k)q
n ∈ Q[[q]] ⊂ Cp[[q]]
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Fourier oeients an(k) of fk and one of Satake p-parameters α(k) := α
(1)
p (k) are given by the
ertain analytial p-adi funtions k 7→ an(k) for (n, p) = 1.
Then the Fourier expansions of the modular forms F = Fk and Ff,g = Ffk,g an be expliitly
evaluated giving examples of p-adi Siegel modular forms of positive slope.
Notie that the Satake parameters of F are β0, β1, . . . , β2n, where
β0 = p
nk−n(n+1)/2, βi = α(k)p
i−k, βn+i = α(k)
−1pk+i−1(i = 1, . . . , n).
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Î äçåòà-óíêöèÿõ è ñåìåéñòâàõ çèãåëåâûõ ìîäóëÿðíûõ
îðì
À.À.Ïàí÷èøêèí
Àííîòàöèÿ
Ïóñòü p ïðîñòîå ÷èñëî, è Γ = Spg(Z) çèãåëåâà ìîäóëÿðíàÿ ãðóïïà ðîäà g. Èçó÷àþòñÿ
p-àäè÷åñêèå ñåìåéñòâà è L-óíêöèè çèãåëåâûõ ìîäóëÿðíûõ îðì.
Â ÷àñòíîñòè, L-óíêöèè çèãåëåâûõ ìîäóëÿðíûõ îðì îïèñàíû â òåðìèíàõ ìîòèâíûõ
L-óíêöèé ñâÿçàííûõ ñ ãðóïïîé Spg, è ïðèâåäåíû èõ àíàëèòè÷åñêèå ñâîéñòâà.
Êðèòè÷åñêèå çíà÷åíèÿ ñïèíîðíûõ L-óíêöèé îáñóæäàþòñÿ â ñâÿçè ñ p-àäè÷åñêèìè
êîíñòðóêöèÿìè. Óñòàíîâëåíà ëåììà àíêèíà âûñøåãî ðîäà. Ñîðìóëèðîâàíà îáùàÿ ãè-
ïîòåçà î ïîäú¼ìå ìîäóëÿðíûõ îðì èç ïðîèçâåäåíèÿ GSp 2m × GSp 2m â ìîäóëÿðíûå
îðìû äëÿ ãðóïïû GSp 4m (ðîäà g = 4m).
Äàþòñÿ êîíñòðóêöèè p-àäè÷åñêèõ ñåìåéñòâ çèãåëåâûõ ìîäóëÿðíûõ îðì èñïîëüçóþ-
ùèå ïîñòðîåíèÿ Èêåäû-Ìèÿâàêè.
Ñîäåðæàíèå
1 Ââåäåíèå 1
2 L-óíêöèè çèãåëåâûõ ìîäóëÿðíûõ îðì 2
3 Ìîòèâíûå L-óíêöèè äëÿ ãðóïïû Spn, è èõ àíàëèòè÷åñêèå ñâîéñòâà 3
4 Êðèòè÷åñêèå çíà÷åíèÿ, ïåðèîäû è p-àäè÷åñêèå L-óíêöèè äëÿ ãðóïïû Sp3. 5
5 Ëåììà àíêèíà âûñøåãî ðîäà 6
6 Ïîäú¼ì ìîäóëÿðíûõ îðì èç GSp 2m ×GSp 2m â GSp 4m 10
7 Êîíñòðóêöèè p-àäè÷åñêèõ ñåìåéñòâ çèãåëåâûõ ìîäóëÿðíûõ îðì 12
8 Êîíñòðóêöèè ÈêåäûÌèÿâàêè è èõ p-àäè÷åñêèå âåðñèè 16
1 Ââåäåíèå
Äàííàÿ ñòàòüÿ îñíîâàíà íà ìàòåðèàëàõ íåñêîëüêèõ íåäàâíèõ äîêëàäîâ, â îñîáåííîñòè, äîêëàäà
â Ìîñêîâñêîì Óíèâåðñèòåòå 2 åâðàëÿ 2007 ãîäà íà êîíåðåíöèè Äèîàíòîâû è àíàëèòè÷å-
ñêèå ïðîáëåìû â òåîðèè ÷èñåë ïàìÿòè À.Î.åëüîíäà.
1
Ïóñòü Γ = Spg(Z) ⊂ SL2g(Z) çèãåëåâà ìîäóëÿðíàÿ ãðóïïà ðîäà g. Ïóñòü p ïðîñòîå ÷èñëî,
T(p) = T(1, · · · , 1︸ ︷︷ ︸
g
, p, · · · , p︸ ︷︷ ︸
g
) p-îïåðàòîð åêêå, è [p]g = pI2g = T(p, · · · , p︸ ︷︷ ︸
2g
) ñêàëÿðíûé îïåðàòîð
åêêå îòíîñèòåëüíî ãðóïïû Spg.
Â ñòàòüå îáñóæäàþòñÿ ñëåäóþùèå òåìû:
1) L-óíêöèè çèãåëåâûõ ìîäóëÿðíûõ îðì
2) Ìîòèâíûå L-óíêöèè äëÿ ãðóïïû Spg, è èõ àíàëèòè÷åñêèå ñâîéñòâà
3) Êðèòè÷åñêèå çíà÷åíèÿ ñïèíîðíûõ L-óíêöèé è êîíñòðóêöèè èõ p-àäè÷åñêèõ àíàëîãîâ
4) Ëåììà àíêèíà âûñøåãî ðîäà
5) Îáùàÿ ãèïîòåçà î ïîäú¼ìå ìîäóëÿðíûõ îðì èç ïðîèçâåäåíèÿ
GSp 2m ×GSp 2m
â ìîäóëÿðíûå îðìû äëÿ ãðóïïû GSp 4m (ðîäà g = 4m).
6) Êîíñòðóêöèè p-àäè÷åñêèõ ñåìåéñòâ çèãåëåâûõ ìîäóëÿðíûõ îðì
7) Êîíñòðóêöèè Èêåäû-Ìèÿâàêè è èõ p-àäè÷åñêèå âåðñèè.
2 L-óíêöèè çèãåëåâûõ ìîäóëÿðíûõ îðì
àçëîæåíèå Ôóðüå çèãåëåâûõ ìîäóëÿðíûõ îðì
Ïóñòü f =
∑
T∈Bn
a(T)qT ∈Mnk çèãåëåâà ìîäóëÿðíàÿ îðìà âåñà k è ðîäà n íà çèãåëåâîé âåðõíåé
ïîëóïëîñêîñòè Hn = {z ∈Mn(C) | Im(z) > 0}.
Íàïîìíèì íåêîòîðûå îñíîâíûå àêòû î îðìàëüíîì ðàçëîæåíèè Ôóðüå îðìû f , èñ-
ïîëüçóþùåì ñèìâîë
qT = exp(2πi tr(Tz)) =
n∏
i=1
qTiiii
∏
i<j
q
2Tij
ij
∈ C[[q11, . . . , qnn]][qij , q−1ij ]i,j=1,··· ,m, ãäå qij = exp(2π(
√−1zi,j)), è T ïðèíàäëåæèò ïîëóãðóïïå
Bn = {T = tT ≥ 0|T ïîëóöåëàÿ}.
Îïåðàòîðû åêêå è ñåðè÷åñêîå îòîáðàæåíèÿ
Íàïîìíèì, ÷òî ëîêàëüíàÿ àëãåáðà åêêå íàä Z, îáîçíà÷àåìàÿLn,Z = Z[T(p),T1(p
2), . . . ,Tn(p
2)],
ïîðîæäàåòñÿ ñëåäóþùèìè n+ 1 îïåðàòîðàìè åêêå:
T(p) := T (1, . . . , 1︸ ︷︷ ︸
n
, p, . . . , p︸ ︷︷ ︸
n
) ,
Ti(p
2) := T (1, . . . , 1︸ ︷︷ ︸
n−i
, p, . . . , p︸ ︷︷ ︸
i
, p2, . . . , p2︸ ︷︷ ︸
n−i
, p, . . . , p︸ ︷︷ ︸
i
) , i = 1, . . . , n
2
Tn(p
2) = [p] = [p]n = T (p, . . . , p︸ ︷︷ ︸
2n
) = pI2n è ÷òî ñåðè÷åñêîå îòîáðàæåíèå
Ω : Ln,Q = Q[T(p),T1(p
2), . . . ,Tn(p
2)]→ Q[x0, x1, . . . , xn]
ÿâëÿåòñÿ íåêîòîðûì èíúåêòèâíûì ãîìîìîðèçìîì êîëåö.
Ïàðàìåòðû Ñàòàêå ñîáñòâåííûõ óíêöèé îïåðàòîðîâ åêêå
àññìîòðèì íåêîòîðóþ ñîáñòâåííóþ óíêöèþ f ∈ Mnk âñåõ îïåðàòîðîâ åêêå f 7−→ f |T , T ∈
Ln,p (äëÿ âñåõ ïðîñòûõ ÷èñåë p), òîãäà f |T = λf (T )f .
Âñå ÷èñëà λf (T ) ∈ C çàäàþò íåêîòîðûé ãîìîìîðèçì λf : Ln,p −→ C îïðåäåëÿåìûé
âûáîðîì (n+1)-êîìïëåêñíûõ ÷èñåë (α0, α1, · · · , αn) = (C×)n+1 (ïàðàìåòðîâ Ñàòàêå îðìû f),
òàê, ÷òî
λf (T ) = Ω(T )(α0, α1, · · · , αn).
Â ÷àñòíîñòè, èìååì
λf ([p]) = α
2
0α1 · · ·αn = pkn−n(n+1)/2
λf (T(p)) = Ω(T(p)) = α0(1 + α1) · · · (1 + αn) =
n∑
j=0
α0sj(α1, α2, . . . , αn) .
L-óíêöèè, óíêöèîíàëüíîå óðàâíåíèå è ìîòèâû äëÿ ãðóïïû Spn (ñì.
[Pa94℄, [Yosh01℄)
Îïðåäåëÿþòñÿ ìíîãî÷ëåíû
• Qf,p(X) = (1− α0X)
n∏
r=1
∏
1≤i1<···<ir≤n
(1 − α0αi1 · · ·αirX),
• Rf,p(X) = (1 −X)
n∏
i=1
(1− α−1i X)(1− αiX) ∈ Q[α±10 , · · · , α±1n ][X ].
Òîãäà ñïèíîðíàÿ L-óíêöèÿ L(Sp(f), s) è ñòàíäàðòíàÿ L-óíêöèÿ L(St(f), s, χ) îðìû f
(äëÿ s ∈ C, è äëÿ âñåõ õàðàêòåðîâ Äèðèõëå χ îïðåäåëÿþòñÿ êàê ñëåäóþùèå ýéëåðîâû ïðîèç-
âåäåíèÿ:
• L(Sp(f), s, χ) =
∏
p
Qf,p(χ(p)p
−s)−1
• L(St(f), s, χ) =
∏
p
Rf,p(χ(p)p
−s)−1
3 Ìîòèâíûå L-óíêöèè äëÿ ãðóïïû Spn, è èõ àíàëèòè÷å-
ñêèå ñâîéñòâà
Ñâÿçü ñ L-óíêöèÿìè è ìîòèâàìè äëÿ ãðóïïû Spn
Ñëåäóÿ [Pa94℄ è [Yosh01℄, íàïîìíèì, ÷òî ýòè óíêöèè ïðåäïîëîæèòåëüíî ÿâëÿþòñÿ ìîòèâíûìè
äëÿ âñåõ k > n:
L(Sp(f), s, χ) = L(M(Sp(f))(χ), s), L(St(f), s) = L(M(St(f))(χ), s), ãäå
3
è ÷òî ìîòèâû M(Sp(f)) è M(St(f)) ÿâëÿþòñÿ ÷èñòûìè åñëè f - ïîäëèííàÿ ïàðàáîëè÷åñêàÿ
îðìà (òî åñòü íå èíäóöèðîâàííàÿ êàê ïîäú¼ì ñ ìåíüøåãî ðîäà). Ïðè ýòîì
• Ìîòèâ M(Sp(f)) îïðåäåë¼í íàä Q, èìååò êîýèöèåíòû â Q(λf (n))n∈N, ðàíã 2n, âåñ
w = kn− n(n+ 1)/2, è òèï Õîäæà ⊕p,qHp,q, ñ
p = (k − i1) + (k − i2) + · · ·+ (k − ir), (3.1)
q = (k − j1) + (k − j2) + · · ·+ (k − is), ãäå r + s = n,
1 ≤ i1 < i2 < · · · < ir ≤ n, 1 ≤ j1 < j2 < · · · < js ≤ n,
{i1, · · · , ir} ∪ {j1, · · · , is} = {1, 2, · · · , n};
• Ìîòèâ M(St(f)) îïðåäåë¼í íàä Q, èìååò êîýèöèåíòû â Q(λf (n))n∈N, ðàíã 2n+ 1, âåñ
w = 0, è òèï Õîäæà
H0,0
n⊕
i=1
(H−k+i,k−i ⊕Hk−i,−k+i).
Ôóíêöèîíàëüíîå óðàâíåíèå è êðèòè÷åñêèå çíà÷åíèÿ
Ñîãëàñíî îáùåé ãèïîòåçå Äåëèíÿ (ñì. [De79℄) î ìîòèâíûõ L-óíêöèÿõ, òàêèå L-óíêöèè óäî-
âëåòâîðÿþò óíêöèîíàëüíîìó óðàâíåíèþ îïðåäåë¼ííîìó ñòðêóòóðîé Õîäæà ìîòèâà:
Λ(Sp(f), kn− n(n+ 1)/2 + 1− s) = ε(f)Λ(Sp(f), s), ãäå
Λ(Sp(f), s) = Γn,k(s)L(Sp(f), s), ε(f) = (−1)k2n−2 ,
Γ1,k(s) = ΓC(s) = 2(2π)
−sΓ(s), Γ2,k(s) = ΓC(s)ΓC(s− k + 2), è
Γn,k(s) =
∏
p<q ΓC(s − p)Γa+R (s − (w/2))ΓR(s + 1 − (w/2))a− äëÿ íåêîòîðûõ íåîòðèöàòåëüíûõ
÷èñåë a+ è a−, ñ a+ + a− = w/2, è ΓR(s) = π
−s/2Γ(s/2).
Â ÷àñòíîñòè, äëÿ n = 3 è k ≥ 5, ýòî ãèïîòåòè÷åñêîå óíêöèîíàëüíîå óðàâíåíèå èìååò âèä
Λ(Sp(f), s) = Λ(Sp(f), 3k − 5− s), ãäå
Λ(Sp(f), s) = ΓC(s)ΓC(s− k + 3)ΓC(s− k + 2)ΓC(s− k + 1)L(Sp(f), s).
Äëÿ k ≥ 5 êðèòè÷åñêèå çíà÷åíèÿ â ñìûñëå Äåëèíÿ [De79℄ òàêîâû:
s = k, · · · , 2k − 5.
Àíàëèòè÷åñêèå ñâîéñòâà óíêöèé L(Sp(f), s)
(ñð. ñ [Vo℄).
Äëÿ èçó÷åíèÿ àíàëèòè÷åñêèõ ñâîéñòâ óíêöèé ìîæíî èñïîëüçîâàòü ñâÿçü ìåæäó ñîáñòâåí-
íûìè çíà÷åíèÿìè λf (T ) è êîýèöèåíòàìè Ôóðüå af (T), ãäå T ∈ D(Γ, S) ïðîáåãàåò îïåðàòîðû
åêêå, à T ∈ Bn ïðîáåãàåò ïîëóöåëûå íåîòðèöàòåëüíûå ñèììåòðè÷åñêèå ìàòðèöû. Ñîãëàñíî
À.Í.Àíäðèàíîâó (ñì. [An67℄), èìååì:
D(X) =
∞∑
δ=0
T(pδ)Xδ =
E(X)
F (X)
,
ãäå
E(X)
= 1− p2 (T2(p2) + (p2 − p+ 1)(p2 + p+ 1)[p]3)X2 + (p+ 1)p4T(p)[p]3X3
− p7[p]3
(
T2(p
2) + (p2 − p+ 1)(p2 + p+ 1)[p]3
)
X4 + p15[p]33X
6 ∈ LZ[X ].
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Âû÷èñëåíèå îðìàëüíîãî ðÿäà Äèðèõëå
Çíàÿ E(X), âû÷èñëÿåòñÿ ñëåäóþùèé îðìàëüíûé ðÿä Äèðèõëå
DE(s) =
∞∑
h=1
TE(h)h
−s =
∏
p
DE,p(p
−s), ãäå
DE,p(X) =
∞∑
δ=0
TE(p
δ)Xδ =
Dp(X)
E(X)
=
1
F (X)
∈ D(Γ, S)[[X ]].
Îñíîâíîå ðàâåíñòâî
Äëÿ âñåõ T ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî
af (T)L(Sp(f), s) =
∞∑
h=1
af (T, E, h)h
−s, ãäå (3.2)
f |TE(h) =
∑
T∈Bn
af (T, E, h)q
T .
Äåéñòâèòåëüíî,
f |TE(h) = λf (TE(h))f, è L(Sp(f), s) =
∞∑
h=1
λf (TE(h))h
−s, ïîýòîìó
∞∑
h=1
f |TE(h)h−s = L(Sp(f), s) · f =
∞∑
h=1
∑
T∈Bn
af (T, E, h)h
−sqT ,
è îñòà¼òñÿ ñðàâíèòü êîýèöèåíòû Ôóðüå.
Òîæäåñòâî òèïà (3.2)ÿâëÿåòñÿ íåîáõîäèìûì øàãîì â ïðîáëåìå àíàëèòè÷åñêîãî ïðîäîëæå-
íèÿ L-óíêöèé L(Sp(f), s), à òàêæå ïðè èçó÷åíèè èõ àðèìåòè÷åñêèõ ïðèëîæåíèé, ïîñêîëüêó
òîæäåñòâî (3.2) äà¼ò ìåòîä âû÷èñëåíèÿ ñïåöèàëüíûõ çíà÷åíèé L(Sp(f), s) ÷åðåç êîýèöèåí-
òû Ôóðüå.
Íàïîìíèì,÷òî â ñëó÷àå ñòàíäàðòíûõ L-óíêöèé L(St(f), s) èñïîëüçóþòñÿ ìåòîä àíêèíà-
Ñåëüáåðãà, à òàêæå ìåòîä óäâîåíèÿ (doubling method) (ñì. [Pa94℄, [CourPa℄, è [Boe-Shm℄).
4 Êðèòè÷åñêèå çíà÷åíèÿ, ïåðèîäû è p-àäè÷åñêèå L-óíêöèè
äëÿ ãðóïïû Sp3.
èïîòåçà î p-àäè÷åñêèõ L-óíêöèÿõ äëÿ ãðóïïû Sp3
Îáùàÿ ãèïîòåçà Êîóòñà è Ïåððýí-èó (ñì. [Co-PeRi℄, [Co℄, [Pa94℄), ïðåäñêàçûâàåò äëÿ n = 3
è k > 5, è äëÿ êîìïëåêñíûõ ìîòèâíûõ L-óíêöèé L(Sp(f), s), ñóùåñòâîâàíèå p-àäè÷åñêèõ
L-àíàëîãîâ.
Çàèêñèðóåì âëîæåíèå ip : Q → Cp = Q̂p, è ïóñòü α0(p) îáîçíà÷àåò îáðàòíûé êîðåíü (òî
åñòü îáðàòíîå ÷èñëî ê êîðíþ) ìíîãî÷ëåíà Qf,p èìåþùèé íàèìåíüøåå p-àäè÷åñêîå íîðìèðîâà-
íèå.
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• Óñëîâèå Ïàí÷èøêèíà (ñì. [Ha-Li-Sk℄, [Pa94℄, [PaAnnIF94℄) äëÿ ñóùåñòâîâàíèÿ îãðàíè-
÷åííûõ p-àäè÷åñêèõ L-óíêöèé â äàííîì ñëó÷àå ïðèíèìàåò âèä ordp(α0(p)) = 0 Íàïîì-
íèì, ÷òî ýòî óñëîâèå ñîñòîèò â ñëåäóþùåì:
äëÿ ÷èñòîãî ìîòèâà M ðàíãà d,
Îðäèíàòà òî÷êè p-ïîëèãîíà Íüþòîíà ñ àáñöèññîé (d/2) = îðäèíàòà òî÷êè
ïîëèãîíà Õîäæà ñ àáñöèññîé (d/2)
• Ïðè íåâûïîëíåíèè ýòîãî óñëîâèÿ, ïðåäïîëîæèòåëüíî
ñóùåñòâóþò p-àäè÷åñêèå L-óíêöèè ëîãàðèìè÷åñêîãî ðîñòà o(logh(·))
ñ h = [2ordp(α0(p))] + 1, 2ordp(α0(p)) = ðàçíîñòü
Îðäèíàòà òî÷êè p-ïîëèãîíà Íüþòîíà â (d/2) îðäèíàòà òî÷êè ïîëèãîíà Õîä-
æà â (d/2).
Â ñëó÷àå óíèòàðíûõ ãðóïï, óñëîâèå ñóùåñòâîâàíèÿ îãðàíè÷åííûõ p-àäè÷åñêèõ L-óíêöèé
îáñóæäàëîñü â ðàáîòå [Ha-Li-Sk℄.
5 Ëåììà àíêèíà âûñøåãî ðîäà
Íàøà ñëåäóþøàÿ öåëü ñîñòîèò â âû÷èñëåíèè ïðîèçâîäÿùåãî ðÿäà
D(1,1)p (X) =
∞∑
δ=0
T (pδ)⊗ T (pδ)Xδ ∈ L2,Z ⊗ L2,Z[[X ]].
â òåðìèíàõ îáðàçóþùèõ àëãåáðû åêêå L2,Z ⊗ L2,Z:
T(p) ⊗ 1, T1(p2)⊗ 1, [p]⊗ 1, 1⊗T(p), 1⊗T1(p2), 1⊗ [p].
Òåîðåìà 5.1 ([PaVaRnk℄) Äëÿ ðîäà n = 2, èìååò ìåñòî ñëåäóþùåå ÿâíîå
ïðåäñòàâëåíèå â âèäå ðàöèîíàëüíîé äðîáè
D(1,1)p (X) =
∞∑
δ=0
T (pδ)⊗ T (pδ)Xδ = (1− p6[p]⊗ [p]X2)R(X)
S(X)
, ãäå
R(X) = 1 + r1X + . . .+ r12X
12, ñ r1 = r11 = 0,
S(X) = 1 + s1X + . . .+ s16X
16,
R(X), S(X) ∈ L2,Z ⊗ L2,Z[X ],
è êîýèöèåíòû ri è si ÿâíî ïðèâåäåíû â Ïðèëîæåíèè ê ñòàòüå [PaVaRnk℄
Ïðèâåäåì ëèøü ïîëèãîíû Íüþòîíà ìíîãî÷ëåíîâ R(X) è S(X) îòíîñèòåëüíî ñòåïåíåé p è
X (ñì. Ôèã. 1). Èç íàøèõ âû÷èñëåíèé ñëåäóåò, ÷òî âñå íàêëîíû ýòèõ ïîëèãîíîâ Íüþòîíà -
öåëûå ÷èñëà. Íàäååìñÿ, ÷òî ýòè ïîëèãîíû ïîìîãóò íàéòè ãåîìåòè÷åñêèå îáúåêòû ñâÿçàííûå ñ
ìíîãî÷ëåíàìè R(X) è S(X), â äóõå íåäàâíèõ ðàáîò Ôàáåðà è Âàí äåð ååðà ñì. [FVdG℄.
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èñ. 1: Ïîëèãîíû Íüþòîíà ìíîãî÷ëåíîâ R(X) è S(X) îòíîñèòåëüíî ñòåïåíåé p è X , âûñîòû
34 è 48, ñîîòâ.
0
5
10
15
20
25
30
2 4 6 8 10 12
Y
0
10
20
30
40
2 4 6 8 10 12 14 16
Y
Ïîëîâèíà êîýèöèåíòîâ, èìåííî s9, . . . , s16, ìîæåò áûòü íàéäåíà ÷åðåç ñëåäóþùåå ïðî-
ñòîå óíêöèîíàëüíîå óðàâíåíèå:
s16−i = (p
6T2(p
2)⊗T2(p2))8−isi (i = 0, · · · , 8).
Äîêàçàòåëüñòâî: Íàïîìíèì, ÷òî
∞∑
δ=0
Ω(n=2)(T (pδ))Xδ =
1− x
2
0x1x2
p
X2
(1− x0X) (1− x0x1X)(1− x0x2X) (1− x0x1x2X) .
Èñõîäÿ èç ýòîãî ðÿäà ìîæíî ïîëó÷èòü îðìóëó äëÿ Ω(T (pδ)), ðàññìàòðèâàÿ ãåîìåòðè÷åñêèå
ïðîãðåññèè
∞∑
ν1=0
(x0X)
ν1 =
1
1− x0X ,
∞∑
ν2=0
(x0x1X)
ν2 =
1
1− x0x1X
∞∑
ν3=0
(x0x2X)
ν3 =
1
1− x0x2X ,
∞∑
ν4=0
(x0x1x2X)
ν4 =
1
1− x0x1x2X
Ωx(T (p
δ)) = p−1xδ0(px
(3+δ)
1 x2 − px1x(3+δ)2 − px(2+δ)1 + px(2+δ)2 − px(3+δ)1 x(2+δ)2
+ px
(2+δ)
1 x
(3+δ)
2 + px1 − px2 − x(2+δ)1 x22 + x(1+δ)1 x2 + x(2+δ)1 x(1+δ)2 − x(1+δ)1 x(2+δ)2
+ x21x
(2+δ)
2 − x1x(1+δ)2 − x21x2 + x1x22)/((1 − x1)(1 − x2)(1− x1x2)(x1 − x2))
=− p−1xδ0((1− x1x2)(px1 − x2)x(δ+1)1 + (1− x1x2)(x1 − px2)x(δ+1)2
− (1− px1x2)(x1 − x2)(x1x2)(δ+1) − (p− x1x2)(x1 − x2))/
((1− x1)(1 − x2)(1 − x1x2)(x1 − x2)).
7
Òåíçîíîå ïðîèçâåäåíèå ëîêàëüíûõ àëãåáð åêêå
Èñïîëüçóÿ âòîðóþ ãðóïïó ïåðåìåííûõ y0, y1, y2 è Ωy ìû ïîëó÷àåì òåíçîðíîå ïðîèçâåäåíèå
ëîêàëüíûõ àëãåáð åêêå
Ω(n)x ⊗ Ω(n)y : Ln,Q ⊗ Ln,Q → Q[x0, x1, . . . , xn; y0, y1, . . . , yn], è
Ω(2)y (T (p
δ)) := Ω(2)x (T (p
δ))|x=y
Ïðîèçâåäåíèå äâóõ âûðàæåíèé Ω
(2)
x (T (pδ)) è Ω
(2)
y (T (pδ)) âû÷èñëÿåòñÿ ÿâíî:
Ω(2)x (T (p
δ)) · Ω(2)y (T (pδ)) = p−2xδ0yδ0(px(3+δ)1 x2 − px(2+δ)1 − px(3+δ)1 x(2+δ)2
+ px
(2+δ)
1 x
(3+δ)
2 − px1x(3+δ)2 + px(2+δ)2 + px1 − px2 − x(2+δ)1 x22 + x(1+δ)1 x2
+ x
(2+δ)
1 x
(1+δ)
2 − x(1+δ)1 x(2+δ)2 + x21x(2+δ)2 − x1x(1+δ)2 − x21x2 + x1x22)
× (py(3+δ)1 y2 − py(2+δ)1 − py(3+δ)1 y(2+δ)2 + py(2+δ)1 y(3+δ)2 − py1y(3+δ)2
+ py
(2+δ)
2 + py1 − py2 − y(2+δ)1 y22 + y(1+δ)1 y2 + y(2+δ)1 y(1+δ)2
− y(1+δ)1 y(2+δ)2 + y21y(2+δ)2 − y1y(1+δ)2 − y21y2 + y1y22)/
((1− x1)(1 − x2)(1 − x1x2)(x1 − x2)(1− y1)(1 − y2)(1− y1y2)(y1 − y2))
Ñóììèðîâàíèå ïîëó÷åííûõ âûðàæåíèé äà¼ò ñëåäóþùèé ðåçóëüòàò:
(Ω(2) ⊗ Ω(2))(D
(1,1)
p (X)) =
∞X
δ=0
Ω
(2)
x (T (p
δ)) · Ω
(2)
y (T (p
δ))Xδ =
−
(p x1 − x2) (1− p y1 y2) x1 y1 y2
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x1 y0 y1 y2X)
+
x2 y1 (x1 − p x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x2 y0 y1X)
+
x2 y2 (x1 − p x2)(y1 − p y2)
p2 (1− x1) (1 − x2) (x1 − x1) (1− y1) (1 − y2) (y1 − y2) (1− x0 y0 x2 y2X)
−
x2 y1 y2 (x1 − p x2) (1− p y1 y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x2 y0 y1 y2X)
−
x1 (p x1 − x2) (p − y1 y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x1 y0X)
−
x1 x2 y1(1− p x1 x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (1 − x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 x2 y0 y1X)
−
x1 x2 y2 (1− p x1 x2) (y1 − p y2)
p2 (1− x1) (1 − x2) (1 − x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 x2 y0 y2X)
+
y1 y2 (p − x1 x2) (1− p y1 y2)
p2 (1− x1) (1 − x2) (1 − x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1 − x0 y0 y1 y2X)
+
x1 x2 (1 − p x1 x2) (p− y1 y2)
p2 (1− x1) (1 − x2) (1 − x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1 − x0 x1 x2 y0X)
−
x1 y1 (p x1 − x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 y0 y1X)
+
x1 y2 (p x1 − x2) (y1 − p y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 x1 y0 y2X)
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−
x2 (x1 − p x2) (p − y1 y2)
p2 (1− x1) (1 − x2) (x1 − x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x2 y0X)
+
x1 x2 y1 y2 (1− p x1 x2) (1− p y1 y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 x1 x2 y0 y1 y2X)
+
(p − x1 x2) (p − y1 y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (1− y1 y2) (1− x0 y0X)
−
y1 (p− x1 x2) (p y1 − y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 y0 y1X)
−
y2 (p− x1 x2) (y1 − p y2)
p2 (1− x1) (1 − x2) (1− x1 x2) (1− y1) (1 − y2) (y1 − y2) (1− x0 y0 y2X)
.
Ñâîéñòâà îáðàçà (Ω(2) ⊗ Ω(2))(D(1,1)p (X))
Ìû ïðîâåðÿåì ÿâíûì âû÷èñëåíèåì, ÷òî ìíîãî÷ëåíû íå çàâèñÿøèå îò X â çíàìåíàòåëå îáðàçà
(Ω(2) ⊗Ω(2))(D(1,1)p (X)), ñîêðàùàåòñÿ â êîëüöå Q[x0, x1, x2, y0, y1, y2][[X ]], è îáùèé çíàìåíàòåëü
ïðåîáðàçóåòñÿ ê âèäó:
(1− x0 y0X) (1− x0 y0 x1X) (1− x0 y0 y1X) (1− x0 y0 x2X) (1− x0 y0 y2X)
(1− x0 y0 x1 y1X) (1− x0 y0 x1 x2X) (1− x0 y0 x1 y2X) (1− x0 y0 y1 x2X)
(1− x0 y0 y1 y2X) (1− x0 y0 x2 y2X) (1− x0 y0 x1 y1 x2X) (1− x0 y0 x1 y1 y2X)
(1− x0 y0 x1 x2 y2X) (1− x0 y0 y1 x2 y2X) (1− x0 y0 x1 y1 x2 y2X).
Áîëåå òîãî, ìû íàõîäèì, ÷òî ÷èñëèòåëü ñîñòîèò èç ìíîæèòåëÿ (1− x20y20x1y1x2y2X2) è ìíîãî-
÷ëåíà ïåðåìåííîé X ñòåïåíè 12 ñ êîýèöèåíòàìè â Q[x0, x1, x2, y0, y1, y2] (ïîñòîÿííûé ÷ëåí
ðàâåí 1, à ãëàâíûé ÷ëåí ðàâåí p−2x120 y
12
0 x
6
1x
6
2y
6
1y
6
2X
12
). Ìû òàêæå íàõîäèì, ÷òî ìíîæèòåëü
ñòåïåíè 12 íå ñîäåðæèò ÷ëåíîâ ñòåïåíè 1 è 11 ïî ïåðåìåííîé X .
Ìû ïîëó÷àåì (Ω(2) ⊗ Ω(2))(D(1,1)p (X)) = (1− x
2
0y
2
0x1y1x2y2X
2)Rx,y(X)
Sx,y(X)
, ãäå Rx,y(X) = 1 +
r2,x,yX
2+· · ·+r10,x,yX10+r12,x,yX12 è Sx,y(X) = 1+s1,x,yX+· · ·+s16,x,yX16 ∈ Q[x0, x1, x2, y0, y1, y2, X ].
Âûðàæåíèå ÷åðåç îïåðàòîðû åêêå
Çíàÿ êîýèöèåíòû ìíîãî÷ëåíîâ Rx,y(X), Sx,y(X) ∈ Q[x0, x1, x2, y0, y1, y2, X ] (îáðàçîâ ïðè
îòîáðàæåíèèΩx⊗Ωy), ìîæíî âîññòàíîâèòü èõ ïðîîáðàçûR(X) = 1+r2X2+· · ·+r10X10+r12X12
and
S(X) = 1 + s1X + · · ·+ s16X16 ∈ L2,Z ⊗ L2,Z[X ].
Äëÿ ýòîãî èñïîëüçóþòñÿ îáðàçû ãåíåðàòîðîâ (îáðàçóþùèõ)
Ωx(T(p)
λ0T1(p
2)
λ1
[p]
λ2)Ωy(T(p)
µ0T1(p
2)
µ1
[p]
µ2),
è ðàññìàòðèâàåòñÿ ñèñòåìà ñ íåîïðåäåëåííûìè êîýèöèåíòàìè Kλ0,λ1,λ2,µ0,µ1,µ2 âûðàæàþ-
ùàÿ âñå ìîíîìû Ωx(T(p)
λ0T1(p
2)
λ1 [p]
λ2)Ωy(T(p)
µ0T1(p
2)
µ1 [p]
µ2), âïëîòü äî ñòåïåíè 12 äëÿ
Rx,y(X) (è 6 16 äëÿ Sx,y(X)) îò ïåðåìåííîé x0 è îò ïåðåìåííîé y0. 
9
Ñðàâíåíèå ñî ñëó÷àåì ðîäà n = 1
Ìíîæèòåëü (1 − x 20 y20 x1y1x2y2X2) ñòåïåíè 2 îò ïåðåìåííîé X î÷åíü ïîõîæ íà ñëó÷àé ðîäà
g = 1:
∞∑
δ=0
Ω(1)x (T (p
δ)) · Ω(1)y (T (pδ))Xδ =
∞∑
δ=0
x
δ
0 (1− x (1+δ)1 )
1− x1 ·
y
δ
0 (1 − y(1+δ)1 )
1− y1 X
δ
=
1
(1− x1) (1− y1) (1− x0 y0X) −
y1
(1− x1) (1− y1) (1− x0 y0 y1X)
− x1
(1 − x1) (1 − y1) (1 − x0 y0 x1X) +
x1 y1
(1 − x1) (1 − y1) (1 − x0 y0 x1 y1X)
=
1− x 20 y20 x1 y1X2
(1− x0 y0X)(1− x0 y0 x1X) (1− x0 y0 y1X) (1− x0 y0 x1 y1X) .
∞∑
δ=0
T (pδ)⊗ T (pδ)Xδ = (1− p2[p]⊗ [p]X2)×
× (1−T(p)⊗T(p)X + (pT(p)2 ⊗ [p] + p[p]⊗T(p)2 − 2p2[p]⊗ [p])X2
− p2T(p)[p]⊗T(p)[p]X3 + p4[p]2 ⊗ [p]2X4)−1 .
6 Ïîäú¼ì ìîäóëÿðíûõ îðì èç GSp 2m ×GSp 2m â GSp 4m
Ìîòèâ ïðîèçâåäåíèÿ àíêèíà ðîäà n = 2
Ïóñòü f è g äâå çèãåëåâû ìîäóëÿðíûå îðìû âåñîâ k è l, k > l, ñîáñòâåííûå óíêöèè îïåðà-
òîðîâ åêêå, è ïóñòü M(Sp(f)) è M(Sp(g))  (ãèïîòåòè÷åñêèå) ñïèíîðíûå ìîòèâû îðì f è g.
ÒîãäàM(Sp(f))  ìîòèâ íàäQ ñ êîýèöèåíòàìè âQ(λf (n))n∈N ðàíãà 4, âåñà w = 2k−3, è òèïà
Õîäæà H0,2k−3⊕Hk−2,k−1⊕Hk−1,k−2⊕H2k−3,0, àM(Sp(g))  ìîòèâ íàä Q ñ êîýèöèåíòàìè
â Q(λg(n))n∈N ðàíãà 4, âåñà w = 2l− 3, è òèïà Õîäæà H0,2l−3 ⊕H l−2,l−1 ⊕H l−1,l−2 ⊕H2l−3,0.
àññìîòðèì ãîìîìîðèçìû àëãåáð åêêå
λf : Ln,p −→ C, λg : Ln,p −→ C
çàäàííûå ïàðàìåòðàìè Ñàòàêå (α0, α1, · · · , αn) è (β0, β1, · · · , βn) îðì f g, è ïóñòü
λf ⊗ λg : Ln,p ⊗ Ln,p −→ C.
Òåíçîðíîå ïðîèçâåäåíèå M(Sp(f))⊗M(Sp(g))
ÿâëÿåòñÿ ìîòèâîì Q ñ êîýèöèåíòàìè â Q(λf (n), λg(n))n∈N ðàíãà 16, âåñà w = 2k + 2l− 6, è
òèïà Õîäæà
H0,2k+2l−6 ⊕H l−2,2k+l−4 ⊕H l−1,2k+l−5 ⊕H2l−3,2k−3
Hk−2,k+2l−4 ⊕Hk+l−4,k+l−2 ⊕Hk+l−3,k+l−3+ ⊕Hk+2l−5,k−1
Hk−1,k+2l−5 ⊕Hk+l−3,k+l−3− ⊕Hk+l−2,k+l−4 ⊕Hk+2l−4,k−2
H2k−3,2l−3 ⊕H2k+l−5,l−1 ⊕H2k+l−4,l−2 ⊕H2k+2l−6,0.
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Ìîòèâíûå L-óíêöèè: àíàëèòè÷åñêèå ñâîéñòâà
Ñîãëàñíî îáùåé ãèïîòåçå Äåëèíÿ [De79℄ î ìîòèâíûõ L-óíêöèÿõ, ïðèìåíèòåëüíî ê ñïèíîðíî-
ìó ìîòèâó F çèãåëåâîé ìîäóëÿðíîé ãðóïïû Sp4(Z) ðîäà n = 4 è âåñà k > 5, èìååì Λ(Sp(F ), s) =
Λ(Sp(F ), 4k − 9− s), ãäå
Λ(Sp(F ), s) = ΓC(s)ΓC(s− k + 4)ΓC(s− k + 3)ΓC(s− k + 2)ΓC(s− k + 1)
× ΓC(s− 2k + 7)ΓC(s− 2k + 6)ΓC(s− 2k + 5)L(Sp(F ), s),
(ñðàâíèòå ýòî óíêöèîíàëüíîå óðàâíåíèå ñ äàííûì â [An74℄, p.115).
Ñ äðóãîé ñòîðîíû, äëÿ m = 2 è äëÿ äâóõ ïàðàáîëè÷åñêèõ îðì f è g äëÿ Sp2(Z) âåñîâ k, l,
k > l + 1, ãèïîòåçà Äåëèíÿ äà¼ò Λ(Sp(f)⊗ Sp(g), s) = ε(f, g)Λ(Sp(f) ⊗ Sp(g), 2k + 2l − 5 − s),
|ε(f, g)| = 1, ãäå
Λ(Sp(f)⊗ Sp(g), s) = ΓC(s)ΓC(s− l + 2)ΓC(s− l + 1)ΓC(s− k + 2)
× ΓC(s− k + 1)ΓC(s− 2l+ 3)ΓC(s− k − l + 2)ΓC(s− k − l + 3)
× L(Sp(f)⊗ Sp(g), s).
Ïðè ýòîì èñïîëüçîâíà îðìóëà óäâîåíèÿ àóññà ΓC(s) = ΓR(s)ΓR(s + 1). Çàìåòèì, ÷òî ïðè
ýòîì a+ = a− = 1, è ÷òî ãèïîòåòè÷åñêèé ìîòèâ M(Sp(f)) ⊗M(Sp(g)) íå èìååò êðèòè÷åñêèõ
çíà÷åíèé â ñëó÷àå ðîäà 2.
îëîìîðíûé ïîäú¼ì ìîäóëÿðíûõ îðì èç ïðîèçâåäåíèÿ GSp 2m ×
GSp 2m â ìîäóëÿðíûå îðìû äëÿ ãðóïïû GSp 4m (ðîäà g = 4m)
èïîòåçà 6.1 (î ïîäú¼ìå GSp 2m ×GSp 2m â GSp 4m) Ïóñòü f è g  äâå çèãåëåâû ìîäó-
ëÿðíûå îðìû ðîäà 2m è âåñîâ k > 2m è l = k− 2m, ñîáñòâåííûå óíêöèè îïåðàòîðîâ åêêå.
Òîãäà ñóùåñòâóåò çèãåëåâà ìîäóëÿðíàÿ îðìà F ðîäà 4m è âåñà k ñ ïàðàìåòðàìè Ñàòàêå
γ0 = α0β0, γ1 = α1, γ2 = α2, · · · , γ2m = α2m, γ2m+1 = β1, · · · , γ4m = β2m äëÿ ïîäõîäÿùåãî âûáîðà
ïàðàìåòðîâ Ñàòàêå α0, α1, · · · , α2m è β0, β1, · · · , β2m îðì f è g.
Ëåãêî ïðîâåðÿåòñÿ, ÷òî òèïû Õîäæà ìîòèâîâ M(Sp(f))⊗M(Sp(g)) è M(Sp(F )) ñîâïà-
äàþò (ðàíãà 24m) (ýòî ñëåäóåò èç ïðèâåäåííîãî îïèñàíèÿ (3.1), è èç îðìóë òèïà Êþííåòà).
Ñâèäåòåëüñòâî â ïîëüçó ýòîé ãèïîòåçû ïðîèñõîäèò èç êîíñòðóêöèé òèïà ÈêåäûÌèÿâàêè
([Ike01℄, [Ike06℄, [Mur02℄): ïóñòü k  ÷¼òíîå ïîëîæèòåëüíîå ÷èñëî, h ∈ S2k(Γ1) ýëëèïòè÷å-
ñêàÿ ïàðàáîëè÷åñêàÿ îðìa, íîðìàëèçîâàííàÿ ñîáñòâåííàÿ óíêöèÿ îïåðàòîðîâ åêêå âåñà
2k, F2n ∈ Sk+n(Γ2n) ïîäú¼ì Èêåäû îðìû h ðîäà 2n (ïðåäïîëàãàåòñÿ, ÷òî k ≡ n mod 2,
n ∈ N).
Äàëåå, ïóñòü f ∈ Sk+n+r(Γr) ïðîèçâîëüíàÿ çèãåëåâà ïàðàáîëè÷åñêàÿ îðìà ðîäà r è âåñà
k + n+ r, ñ n, r ≥ 1. Óñëè âçÿòü n = m, r = 2m, k := k +m, k + n+ r := k + 3m, òî ïîëó÷àåòñÿ
ñëåäóþùèé ïðèìåð âûïîëíèìîñòè ãèïîòåçû î ïîäú¼ìå:
(f, g) = (f, F2m(h)) 7→ Fh,f ∈ Sk+3m(Γ4m),
(f, g) = (f, F2m) ∈ Sk+3m(Γ2m)× Sk+m(Γ2m).
Äðóãîå ñâèäåòåëüñòâî â ïîëüçó ýòîé ãèïîòåçû ïðîèñõîäèò èç ðÿäîâ ÝéçåíøòåéíàÇèãåëÿ:
f = E2mk è g = E
2m
k−2m
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÷¼òíîãî ðîäà 2m è âåñîâ k è k − 2m:
α0 = 1, α1 = p
k−2m, · · · , α2m = pk−1,
β0 = 1, β1 = p
k−4m, · · · , β2m = pk−2m−1,
ãäå ïîëàãàåòñÿ
γ0 = 1, γ1 = p
k−4m, · · · , γ2m = pk−1,
äëÿ ïàðàìåòðîâ Ñàòàêå ðÿäîâ ÝéçåíøòåéíàÇèãåëÿ F = E4mk .
Çàìå÷àíèå 6.2 Åñëè ñðàâíèòü L-óíêöèþ èç ãèïîòåçû î ïîäú¼ìå (çàäàííóþ ïàðàìåòðàìè
Ñàòàêå γ0 = α0β0, γ1 = α1, γ2 = α2, · · · , γ2m = α2m, γ2m+1 = β1, · · · , γ4m = β2m äëÿ ïîäõîäÿ-
ùåãî âûáîðà α0, α1, · · · , α2m and β0, β1, · · · , β2m ïàðàìåòðîâ Ñàòàêå îðì f è g), ìû óâèäèì,
ýòà L-óíêöèÿ ñîîòâåòñòâóåò òåíçîðíîìó ïðîèçâåäåíèþ ñïèíîðíûõ L-óíêöèé, íî ýòà L-
óíêöèÿ îòëè÷àåòñÿ îò ñîîòâåòñòâóþøåé L-óíêöèè â ïîäú¼ìå Èîñèäû (ñì. [Yosh81℄)
(ÿâëÿþøåéñÿ ïðîèçâåäåíèåì ñäâèíóòûõ L-óíêöèé åêêå).
Â ñâÿçè ñ ýòèì ïîäú¼ìîì íåîáõîäèìî óïîìÿíóòü ïðèíöèï óíêòîðèàëüíîñòè Ëýíãëýíäñà: çíà-
ìåíàòåëè íàøèõ L-ðÿäîâ îòâå÷àþò ëîêàëüíûì ìíîæèòåëÿì L-óíêöèé (ñâÿçàííûõ ñ ïðîèç-
âåäåíèÿìè L-ãðóïï). Åñëè ðàññìîòðåòü ãîìîìîðèçìû
LGSp2m = GSpin(4m+ 1)→ GL22m , LGSp4m = GSpin(8m+ 1)→ GL24m ,
òî ìû óâèäèì, ÷òî íàøà ãèïîòåçà ñîâìåñòèìà ñ ãîìîìîðèçìîì L-ãðóïï
GL22m ×GL22m → GL24m , (g1, g2) 7→ g1 ⊗ g2, GLn(C) = LGLn.
Íåÿñíî îäíàêî, ïîçâîëÿåò ëè ïðèíöèï óíêòîðèàëüíîñòè Ëýíãëýíäñà ïðåäñêàçàòü, áóäåò ëè
ýòîò ïîäú¼ì ñîîòâåòñòâîâàòü ãîëîìîðíîé çèãåëåâîé ìîäóëÿðíîé îðìå.
7 Êîíñòðóêöèè p-àäè÷åñêèõ ñåìåéñòâ çèãåëåâûõ ìîäóëÿð-
íûõ îðì
Êîíñòðóêöèè p-àäè÷åñêèõ L-óíêöèé è ìîäóëÿðíûå ñèìâîëû
Íàðÿäó ñ êîìïëåêñíûì ïàðàìåòðîì s âîçìîæíî è èñïîëüçîâàíèå p-àäè÷åñêèõ ïàðàìåòðîâ äëÿ
ïîñòðîåíèÿ àíàëîãîâ L-óíêöèé è ìîäóëÿðíûõ ñèìâîëîâ. Ìû èñïîëüçóåì òàêèå ïàðàìåòðû
êàê ñêðó÷èâàíèå ñ õàðàêòåðàìè Äèðèõëå ñ îäíîé ñòîðîíû, è ïàðàìåòð âåñà òåîðèè ñåìåéñòâ
ìîäóëÿðíûõ îðì, ñ äðóãîé ñòîðîíû. Îïåðàöèÿ ñêðó÷èâàíèÿ ñ õàðàêòåðàìè Äèðèõëå ÿâëÿ-
åòñÿ óíäàìåíòàëüíîé îïåðàöèåé ñ îðìàëüíûìè ñòåïåííûìè ðÿäàìè, è p-àäè÷åñêàÿ âàðèà-
öèÿ òàêèõ õàðàêòåðîâ äà¼ò ïðèìåð àíàëèòè÷åñêèõ ñåìåéñòâ ìîäóëÿðíûõ îðì. Ýòîò ïðèìåð
ïîçâîëÿåò îïðåäåëèòü, à â íåêîòîðûõ ñëó÷àÿõ è âû÷èñëèòü, ìîäóëÿðíûå ñèìâîëû, ñâÿçàí-
íûå ñ àâòîìîðíûìè ïðåäñòàâëåíèÿìè π àëãåáðàè÷åñêîé ãðóïïû G íàä ÷èñëîâûì ïîëåì,
èñïîëüçóÿ ñêðó÷åííûå L-óíêöèè L(s, π ⊗ χ, r) ñ öåíòðàëüíûì õàðàêòåðîì Äèðèõëå χ (õà-
ðàêòåðîì åêêå êîíå÷íîãî ïîðÿäêà). Â ðÿäå ñëó÷àåâ ìû ïîëó÷èëè èíòåãðàëüíûå ïðåäñòàâëå-
íèÿ, äàþùèå êàê êîìïëåìñíî-àíàëèòè÷åñêîå, òàê è p-àäè÷åñêîå àíàëèòè÷åñêîå ïðîäîëæåíèå
L-óíêöèé. àññìàòðèâàþòñÿ ìåòîäû ïîñòðîåíèÿ òàêèõ L-óíêöèé è èõ ñåìåéñòâ â ñëó÷àÿõ
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G = GL2×GL2×GL2 (ñì. [Boe-Pa2006℄), G = GL2×GSp2m (ñì. [Boe-Ha℄) , G = GSp2m×GSp2m
èñïîëüçóÿ ìåòîä óäâîåíèÿ è åãî p-àäè÷åñêèå âàðèàíòû, êîòîðûå, ïðåäïîëîæèòåëüíî, ïðèìå-
íèìû è äëÿ ñâåðõñõîäÿùèõñÿ (overonvergent) ñåìåéñòâ àâòîìîðíûõ îðì, è óæå ðàçâèòû
â áîëåå ïðîñòîì ñëó÷àå ãðóïïû G = GL2 â ðàáîòàõ .Êîëåìàíà, .Ñòèâåíñà ([CoPB℄), àâòîðà
([PaSerre6℄, [PaTV℄) è äðóãèõ.
p-àäè÷åñêèé ïîäõîä
àññìîòðèì ïîëå Òýéòà Cp = Q̂p äëÿ ïðîñòîãî ÷èñëà p. Çàèêñèðóåì âëîæåíèå Q
ip→֒ Cp è
áóäåì ðàññìîòðèâàòü àëãåáðàè÷åñêèå ÷èñëà êàê p-àäè÷åñêèå ïîñðåäñòâîì ip. Äëÿ p-àäè÷åñêîãî
ñåìåéñòâà k 7→ fk =
∑∞
n=1 an(k)q
n ∈ Q[[q]] ⊂ Cp[[q]], êîýèöèåíòû Ôóðüå an(k) îðì fk, à
òàêæå îäèí èç p-ïàðàìåòðîâ Ñàòàêå α(k) := α
(1)
p (k) ÿâëÿþòñÿ p-àäè÷åñêèìè àíàëèòè÷åñêèìè
óíêöèÿìè k 7→ an(k) ïðè (n, p) = 1. Òðàäèöèîííûé ïðèìåð p-àäè÷åñêîãî ñåìåéñòâà äà¼òñÿ
ðÿäàìè Ýéçåíøòåéíà:
an(k) =
∑
d|n,(d,p)=1
dk−1, fk = Ek, α
(1)
p (k) = 1, α
(2)
p (k) = p
k−1.
Ñóùåñòâîâàíèå p-àäè÷åñêèõ ñåìåéñòâ ïîëîæèòåëüíîãî íàêëîíà σ > 0 áûëî óñòàíîâëåíî .Êîëå-
ìàíîì Íàïîìíèì, ÷òî íàêëîí äà¼òñÿ ðàâåíñòâîì σ = ordp(α
(1)
p (k)) (è ïðåäïîëàãàåòñÿ ïîñòî-
ÿííûì â p-àäè÷åñêîé îêðåñòíîñòè âåñà k). Ïðèìåð ïðîñòîãî ÷èñëà p = 7, f = ∆, k = 12,
a7 = τ(7) = −7 · 2392, σ = 1 áûë ðàññìîòðåí .Êîëåìàíîì â [CoPB℄.
Ìîòèâèðîâêè ðàññìîòðåíèÿ p-àäè÷åñêèõ ñåìåéñòâ
ïðîèñõîäÿò èç ãèïîòåçû Á¼ð÷à è Ñóèííåðòîíà-Äàéåðà,ñì. [Colm03℄. Äëÿ ýëëèïòè÷åñêîé ïàðàáî-
ëè÷åñêîé îðìû âåñà 2, íîðìàëèçîâàííîé ñîáñòâåííîé óíêöèè îïåðàòîðîâ åêêå f = f2, ñîîò-
âåòñòâóþùåé ýëëèïòè÷åñêîé êðèâîé E ïî Óàéëñó [Wi95℄, ðàññìñòðèâàåòñÿ ñåìåéñòâî, ñîäåðæà-
ùåå f . Ìîæíî ïîïûòàòüñÿ ïðèáëèçèòüñÿ ê k = 2, s = 1 ïî âåðòèêàëüíîìó íàïðàâëåíèþ k → 2,
âìåñòî s → 1, ÷òî ïðèâîäèò ê îðìóëå ñàÿçûâàþùåé ïðîèçâîäíóþ ïî s â òî÷êå s = 1 ó p-
àäè÷åñêîé L-óíêöèè ñ ïðîèçâîäíîé ïî k â òî÷êå k = 2 ó p-àäè÷åñêîé àíàëèòè÷åñêîé óíêöèè
αp(k), ñì. â [CST98℄: L
′
p,f(1) = Lp(f)Lp,f(1) with Lp(f) = −2
dαp(k)
dk
∣∣
k=2
. Ääÿ ïðèìåíèìîñòè
ýòîé îðìóëû íåîáõîäèìî ñóùåñòâîâàíèå íàøåé p-àäè÷åñêîé L-óíêöèè äâóõ ïåðåìåííûõ,
ïîñòðîåííîé â [PaTV℄.
Äëÿ ïîñòðîåíèÿ p-àäè÷åñêèõ L-óíêöèé äâóõ ïåðåìåííûõ (k, s), èñïîëüçóåòñÿ òåîðèÿ p-
àäè÷åñêîãî èíòåãðèðîâàíèÿ. Èñïîëüçóåòñÿ ïîíÿòèåH-äîïóñòèìîé ìåðû äëÿ íàòóðàëüíîãî ÷èñ-
ëà H îïðåäåë¼ííîãî ïî íàêëîíó σ, êîòîðûé ïîÿâëÿåòñÿ â ýòîé êîíñòðóêöèè. Çàòåì p-àäè÷åñêàÿ
L-óíêöèÿ äâóõ ïåðåìåííûõ ñòðîèòñÿ èçH-äîïóñòèìîé ìåðû ñî çíà÷åíèÿìè â ðàçíûõ êîëüöàõ
ìîäóäÿðíûõ îðì, â ÷àñòíîñòè, îðì áëèçêèõ ê ãîëîìîðíûì (nearly holomorphi modular
forms).
Ìîäóëÿðíûå îðìû, áëèçêèå ê ãîëîìîðíûì, è ìåòîä êàíîíè÷åñêîé
ïðîåêöèè
Ïóñòü A  íåêîòîðîå ïîëå. Èìåþòñÿ íåñêîëüêî p-àäè÷åñêèõ ïîäõîäîâ ê èçó÷åíèþ ñïåöèàëüíûõ
çíà÷åíèé L-óíêöèé, èñïîëüçóþùèõ ìåòîä êàíîíè÷åñêîé ïðîåêöèè (ñì. [PaTV℄). Â ýòîì ìå-
òîäå ñïåöèàëüíûå çíà÷åíèÿ è ìîäóëÿðíûå ñèìâîëû ðàññìàòðèâàþòñÿ êàê A-ëèíåéíûå îðìû
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íà ïðîñòðàíñòâàõ ìîäóëÿðíûõ îðì ñ êîýèöèåíòàìè â A. Ìîäóëÿðíûå îðìû, áëèçêèå ê
ãîëîìîðíûì (ñì. [ShiAr℄) ÿâëÿþòñÿ íåêîòîðûìè îðìàëüíûìè ðÿäàìè
g =
∞∑
n=0
a(n;R)qn ∈ A[[q]][R]
òàêèå, ÷òî íàä A = C ïðè ïîäñòàíîâêå z = x+ iy ∈ H, R = (4πy)−1, ðÿä ñõîäèòñÿ ê C∞-íàä H
äàííîãî âåñà k è õàðàêòåðà Äèðèõëå ψ. Êîýèöèåíòû a(n;R) ÿâëÿþòñÿ ïîëèíîìàìè èç A[R]
îòðàíè÷åííîé ñòåïåíè.
Ñåìåéñòâà òðîéíûõ ïðîèçâåäåíèé
äàþò ñâåæèé ïðèìåð p-àäè÷åñêèõ ñåìåéñòâ äëÿ àëãåáðàè÷åñêèõ ãðóïï âûñøåãî ðàíãà. Ýòîò àñ-
ïåêò áûë èçó÷åí Ç.Á¼õåðåðîì è À.Ïàí÷èøêèíûì â ðàáîòå [Boe-Pa2006℄. Òðîéíîå ïðîèçâåäåíèå
ñ õàðàêòåðîì Äèðèõëå χ îïðåäåëÿåòñÿ êàê êîìïëåêñíàÿ L-óíêöèÿ (ýéëåðîâî ïðîèçâåäåíèå
ñòåïåíè 8):
L(f1 ⊗ f2 ⊗ f3, s, χ) =
∏
p∤N
L((f1 ⊗ f2 ⊗ f3)p, χ(p)p−s),
ãäå
L((f1 ⊗ f2 ⊗ f3)p, X)−1 = det
(
18 −X
(
α
(1)
p,1 0
0 α
(2)
p,1
)
⊗
(
α
(1)
p,2 0
0 α
(2)
p,2
)
⊗
(
α
(1)
p,3 0
0 α
(2)
p,3
))
.
Ìû èñïîëüçóåì íîðìàëèçîâàííóþ L-óíêöèþ (ñì. [De79℄, [Co℄, [Co-PeRi℄):
Λ(f1 ⊗ f2 ⊗ f3, s, χ) = ΓC(s)ΓC(s− k3 + 1)ΓC(s− k2 + 1)ΓC(s− k1 + 1)L(f1 ⊗ f2 ⊗ f3, s, χ),
ãäå ΓC(s) = 2(2π)
−sΓ(s). àììà-ìíîæèòåëü îïðåäåëÿåò êðèòè÷åñêèå çíà÷åíèÿ
s = k1, . . . , k2 + k3 − 2
óíêöèè Λ(s), êîòîðûå ÿâíî âû÷èñëÿþòñÿ (ïîäîáíî êëàññè÷åñêîé îðìóëå ζ(2) = pi
2
6 ).
Ôóíêöèîíàëüíîå óðàâíåíèå äëÿ Λ(s) èìååò òèï
s 7→ k1 + k2 + k3 − 2− s.
àññìàòðèâàåòñÿ ïðîèçâåäåíèå òð¼õ ñîáñòâåííûõ çíà÷åíèé:
λ = λ(k1, k2, k3) = α
(1)
p,1(k1)α
(1)
p,2(k2)α
(1)
p,3(k3)
ñ íàêëîíîì σ = vp(λ(k1, k2, k3)) = σ(k1, k2, k3) = σ1 + σ2 + σ3 êîòîðûé ïðåäïîëàãàåòñÿ ïîñòî-
ÿííûì è ïîëîæèòåëüíûì äëÿ âñåõ òðîåê (k1, k2, k3) â ïîäõîäÿùåé p-àäè÷åñêîé îêðåñòíîñòè
èêñèðîâàííîé òðîéêè âåñîâ (k1, k2, k3).
Ôîðìóëèðîâêà ïðîáëåìû
äëÿ òðîéíûõ ïðîèçâåäåíèé:
äëÿ òð¼õ äàííûõ p-àäè÷åñêèõ àíàëèòè÷åñêèõ ñåìåéñòâ fj íàêëîíà σj ≥ 0, ïîñòðîèòü
p-àäè÷åñêóþ àíàëèòè÷åñêóþ L-óíêöèþ ÷åòûð¼õ ïåðåìåííûõ, ñâÿçàííóþ ñ òðîé-
íûì ïðîèçâåäåíèì àððåòòà.
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Ìåòîä êàíîíè÷åñêîé ïðîåêöèè ïîçâîëÿåò ïîñòðîèòü èíòåðïîëÿöèþ ñïåöèàëüíûõ çíà÷åíèé
(s, k1, k2, k2) 7−→ Λ(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , s, χ)
â êðèòè÷åñêèõ òî÷êàõ s = k1, . . . , k2 + k3 − 2 äëÿ ñáàëàíñèðîâàííûõ âåñîâ
k1 ≤ k2 + k3 − 2;
äîêàçûâàåòñÿ, ÷òî ýòè çíà÷åíèÿ ÿâëÿþòñÿ àëãåáðàè÷åñêèìè ÷èñëàìè ïîñëå äåëåíèÿ íà íåêî-
òîðûå ïåðèîäû. Îäíàêî êîíñòðóêöèÿ p-àäè÷åñêîé L-óíêöèè ïðÿìî èñïîëüçóåò ìîäóëÿðíûå
îðìû, âìåñòî âû÷èñëåíèÿ ðàññìàòðèâàåìûõ ñïåöèàëüíûõ çíà÷åíèé L-óíêöèé, ïðè÷¼ì ñðàâ-
íåíèå ñïåöèàëüíûõ çíà÷åíèé êîìïëåêñíîé è p-àäè÷åñêîé L-óíêöèé ïðîâîäèòñÿ ëèøü ïîñëå
ïîñòðîåíèÿ.
Îñíîâíîé ðåçóëüòàò äëÿ òðîéíûõ ïðîèçâåäåíèé
1) Ôóíêöèÿ
L
f
: (s, k1, k2, k3) 7→ 〈f
0,E(−r, χ)〉
〈f0, f0〉
çàâèñèò p-àäè÷åñêè àíàëèòè÷åñêè îò ÷åòûð¼õ ïåðåìåííûõ
(χ · yrp, k1, k2, k3) ∈ X ×B1 ×B2 ×B3;
2) Ñðàâíåíèå êîìïëåêñíûõ è p-àäè÷åñêèõ çíà÷åíèé: äëÿ âñåõ (k1, k2, k3) â íåêîòîðîé p-
àäè÷åñêîé îêðåñòíîñòè
B = B1×B2×B3 ⊂ X3, óäîâëåòâîðÿþùèõ k1 ≤ k2+ k3− 2, çíà÷åíèÿ â s = k2+ k3− 2− r
ñîâïàäàþò ñ íîðìàëèçîâàííûìè êðèòè÷åñêèìè çíà÷åíèÿìè
L∗(f1,k1 ⊗ f2,k2 ⊗ f3,k3 , k2 + k3 − 2− r, χ) (r = 0, . . . , k2 + k3 − k1 − 2) ,
äëÿ õàðàêòåðîâ Äèðèõëå χ mod Npv, v ≥ 1.
3) Çàâèñèìîñòü îò x ∈ X : ïóñòü H = [2ordp(λ)] + 1. Äëÿ ïðîèçâîëüíûõ èêñèðîâàííûõ
(k1, k2, k3) ∈ B è x = χ · yrp ëèíåéíàÿ îðìà (ïðåäñòàâëÿþùàÿ ìîäóëÿðíûå ñèìâîëû äëÿ
òðîéíûõ ìîäóëÿðíûõ îðì)
x 7−→
〈
f
0,E(−r, χ)〉〈
f
0, f0
〉
,
ïðîäîëæàåòñÿ äî p-àäè÷åñêîé àíàëèòè÷åñêîé óíêöèè òèïà o(logH(·)) ïî ïåðåìåííîé
x ∈ X .
Îáùàÿ ïðîãðàììà ïîñòðîåíèÿ p-àäè÷åñêèõ ñåìåéñòâ è L-óíêöèé
Ìû ïëàíèðóåì ðàñïðîñòðàíèòü äàííûé ìåòîä íà ðÿä äðóãèõ ñèòóàöèé ñëåäóþùèì îáðàçîì:
1) Ïîñòðîåíèå ìîäóëÿðíûõ ðàñïðåäåëåíèé Φj ñî çíà÷åíèÿìè â áåñêîíå÷íîìåðíîé áàøíå
ïðîñòðàíñòâ ìîäóëÿðíûõ îðì M(ψ).
2) Ïðèìåíåíèå îïåðàòîðà êàíîíè÷åñêîé ïðîåêöèè òèïà πα íà êîíå÷íîìåðíîå ïîäðîñòðàí-
ñòâî Mα(ψ) of Mα(ψ).
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3) Îáùèé êðèòåðèé äîïóñòèìîñòè. Ñåìåéñòâî ðàñïðåäåëåíèé πα(Φj) ñî çíà÷åíèÿìè âM
α(ψ)
äà¼ò h-äîïóñòèìóþ ìåðó Φ˜ ñî çíà÷åíèÿìè â íåêîòîðîì ìîäóëå êîíå÷íîãî ðàíãà.
4) Ïðèìåíåíèå íåêîòîðîé ëèíåéíîé îðìû ℓ òèïà ìîäóëÿðíîãî ñèìâîëà äà¼ò ðàñïðåäåëåíèÿ
µj = ℓ(πα(Φj)), è íåêîòîðóþ äîïóñòèìóþ ìåðó èñõîäÿ èç ñðàâíåíèé ìåæäó ìîäóëÿðíûìè
îðìàìè πα(Φj).
5) Äîêàçûâàåòñÿ, ÷òî íåêîòîðûå èíòåãðàëû µj(χ) ðàñïðåäåëåíèé µj ñîâïàäàþò ñ îïðåäåë¼í-
íûìè ñïåöèàëüíûìè çíà÷åíèÿìè L-óíêöèé; îäíàêî çíàíèå ýòèõ èíòåãðàëîâ íå òðåáóåòñÿ
äëÿ îïðåäåëåíèÿ ìåð (ýòè ìåðû óæå îïðåäåëåíû íà ýòàïå 4).
6) Äîêàçûâàåòñÿ ðåçóëüòàò î åäèíñòâåííîñòè ïîñòðîåííûõ h-äîïóñòèìûõ ìåð: îíè îäíîçíà÷-
íî îïðåäåëÿþòñÿ çàäàíèåì ìíîãèõ èíòåãðàëîâ ïî õàðàêòåðàì Äèðèõëå (íå îáÿçàòåëüíî
ïî âñåì).
7) Â áîëüøèíñòâå ñëó÷àåâ ìîæíî äîêàçàòü íåêîòîðîå óíêöèîíàëüíîå óðàâíåíèå äëÿ ïîñò-
ðîåííîé ìåðû µ (ñ èñïîëüçîâàíèåì åäèíñòâåííîñòè èç 6), è ïðèìåíÿÿ àðõèìåäîâî óíê-
öèîíàëüíîå óðàâíåíèå äëÿ ñïåöèàëüíûõ çíà÷åíèé L-óíêöèé (àëãåáðàè÷åñêèìè ÷èñëà-
ìè, âû÷èñëåííûìè íà ýòàïå 5).
Ýòà ñòðàòåãèÿ óæå ïðèìåíåíà â ðÿäå ñëó÷àåâ.
8 Êîíñòðóêöèè ÈêåäûÌèÿâàêè è èõ p-àäè÷åñêèå âåðñèè
Ïîäú¼ì Èêåäû
Èêåäà îáîáùèë â 1999 ãîäó (ñì. [Ike01℄) ïîäú¼ì ÑàèòîÊóðîêàâû èç ìîäóëÿðíûõ îðì îä-
íîé ïåðåìåííîé ñî çíà÷åíèÿìè â çèãåëåâûõ ìîäóëÿðíûõ îðìàõ ðîäà 2: ïðè óñëîâèè, ÷òî
n ≡ k(mod2) ñóùåñòâóåò ïîäú¼ì ýëëèïòè÷åñêîé ïàðàáîëè÷åñêîé îðìû, íîðìàëèçîâàííîé
ñîáñòâåííîé óíêöèè îïåðàòîðîâ åêêå f ∈ S2k(Γ1) äî çèãåëåâîé ïàðàáîëè÷åñêîé îðìû,
ñîáñòâåííîé óíêöèè îïåðàòîðîâ åêêå F ∈ Sn+k(Γ2n) òàêîé, ÷òî ñòàíäàðòíàÿ äçåòà-óíêöèÿ
L(St(F ), s) îðìû F (ñòåïåíè 2n) äà¼òñÿ äçåòà-óíêöèåé åêêå îðìû f ïîñðåäñòâîì ðàâåí-
ñòâà
ζ(s)
2n∏
j=1
L(f ; s+ k + n− j).
(ýòîò ïîäú¼ì áûë áûëî ïðåäïîëîæåí Äüþêîì è Èììàìîãëó â [DI98℄). Çàìåòèì, ÷òî ïàðàìåòðû
Ñàòàêå îðìû F ìîæíî âûáðàòü â âèäå β0, β1, . . . , β2n, ãäå
β0 = p
nk−n(n+1)/2, βi = α˜p
i−1/2(i = 1, . . . , n), βn+i = α˜
−1pi−1/2,
è (1 − α˜pk−1/2X)(1 − α˜−1pk−1/2X) = 1 − a(p)X + p2k−1X2, ñì. [Mur02℄, Lemma 4.1, p.65 (òàê
÷òî α = α˜pk−1/2, α˜ = αp1/2−k â íàøèõ ïðåæíèõ îáîçíà÷åíèÿõ).
èïîòåçà ÈêåäûÌèÿâàêè
Ïóñòü k ÷¼òíîå ïîëîæèòåëüíîå ÷èñëî, f ∈ S2k(Γ1) ýëëèïòè÷åñêàÿ ïàðàáîëè÷åñêàÿ îðìa, íîð-
ìàëèçîâàííàÿ ñîáñòâåííàÿ óíêöèÿ îïåðàòîðîâ åêêå âåñà 2k, F2 ∈ Sk+1(Γ2) = Maass(f)
ïîäú¼ì Ìààññà îðìû f , è âîîáùå F2n ∈ Sk+n(Γ2n) ïîäú¼ì Èêåäû îðìû f (ïðåäïîëàãà-
åòñÿ, ÷òî k ≡ n mod 2, n ∈ N). Çàòåì ïîëîæèì g ∈ Sk+n+r(Γr) çèãåëåâà ìîäóëÿðíàÿ îðìa,
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íîðìàëèçîâàííàÿ ñîáñòâåííàÿ óíêöèÿ îïåðàòîðîâ åêêå ðîäà r è âåñà k + n + r, ñ n, r ≥ 1.
Ìèÿâàêè ïðåäïîëîæèë â [Mi92℄, à Èêåäà äîêàçàë â [Ike06℄ ñëåäóþùèé ðåçóëüòàò: ñóùåñòâóåò
çèãåëåâà ìîäóëÿðíàÿ îðìa, íîðìàëèçîâàííàÿ ñîáñòâåííàÿ óíêöèÿ îïåðàòîðîâ åêêå Ff,g ∈
Sk+n+r(Γ2n+r), òàêàÿ,÷òî
L(s,Ff,g, St) = L(s, g, St)
2n∏
j=1
L(s+ k + n− j, f)
p-àäè÷åñêèå âåðñèè êîíñòðóêöèé ÈêåäûÌèÿâàêè
Òåïåðü ðàññìîòðèì p-àäè÷åñêîå ñåìåéñòâî
k 7→ fk =
∞∑
n=1
an(k)q
n ∈ Q[[q]] ⊂ Cp[[q]],
ñ êîýèöèåíòàìè Ôóðüå an(k) îðì fk è ñ îäíèì èç p-ïàðàìåòðîâ Ñàòàêå α(k) := α
(1)
p (k)
çàäàííûìè íåêîòîðûìè àíàëèòè÷åñêèìè p-àäè÷åñêèìè óíêöèÿìè k 7→ an(k) äëÿ âñåõ (n, p) =
1.
Òîãäà êîýèöèåíòûÔóðüå ìîäóëÿðíûõ îðì F = Fk è Ff,g = Ffk,g ìîãóò áûòü âûðàæåíû
â ÿâíîì âèäå ÷åðåç êîýèöèåíòû îðì fk, ÷òî äà¼ò íîâûå ïðèìåðû p-àäè÷åñêèõ ñåìåéñòâ
çèãåëåâûõ ìîäóëÿðíûõ îðì.
Îòìåòèì, ÷òî ïàðàìåòðû Ñàòàêå îðìû F èìåþò âèä β0, β1, . . . , β2n, ãäå
β0 = p
nk−n(n+1)/2, βi = α(k)p
i−k, βn+i = α(k)
−1pk+i−1(i = 1, . . . , n).
Ïðèçíàòåëüíîñòü àâòîðà
Èñêðåííå áëàãîäàðþ Çèãðèäà Á¼õåðåðà, Ñòååíà åëüáàðòà, Ñîëîìîíà Ôðèäáåðãà è Âàäèìà
Çóäèëèíà çà öåííûå íàáëþäåíèÿ è îáñóæäåíèÿ.
Â îñîáåííîñòè ÿ áëàãîäàðåí è ïðèçíàòåëåí Þðèþ Âàëåíòèíîâè÷ó Íåñòåðåíêî çà ïðèãëà-
øåíèå íà Ìåæäóíàðîäíóþ êîíåðåíöèþ Äèîàíòîâû è àíàëèòè÷åñêèå ïðîáëåìû â òåîðèè
÷èñåë ïàìÿòè À.Î.åëüîíäà â Ìîñêîâñêîì óíèâåðñèòåòå, è çà ïðåäëîæåíèå ïîäãîòîâèòü
ñòàòüþ äëÿ Ñáîðíèêà òðóäîâ êîíåðåíöèè.
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